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Solutions to Homework 10
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. rank(A)=1

o O o B+

Consider the equation Ax=0=0-x
= nullity(A) = number of zero eigenvalues of A

4
Also, > 4 =tr(A) .. 1,=4
i=1
1 010 1 01
B 0101 (010
(1010|000
0101 |[000O
= Expectthat 4, =4, =0
1-1 0 1
1-2 0
det (B-Al)=
0 1-2
1 0

= A 423+ 442 =0
= A%(A%—4A+4)=0

= Ah=4

=04, =4, =2

Another approach:
Observe that B* = 2B

= A?-21=0
=1=0,2
- nullity(B)=2

.. B has two zero eigenvalues

4
A =tr(B)

i=1
=1=0,0,2,2

. rank(B)=2

o O+ O

1-4 0 1

0

1 0

~(1-2)| 0 1-1 0 |+11-4 0 1

1 0 1-4
1-4

1

0 1-4



2.

Use characteristic polynomial to prove it

= (A-AD)=[(AT-AD]"

=[(A-21)| = [[(AT - AD]"| = (AT - 41)| =0

The characteristic polynomials of A and AT are the same ,
so we can use them to find the same eigenvalues.

For example that the eigenvectors of A and AT are not the same:

2 31 2 1 1
A=[1 -2 1|,A™=|-3 -2 -3
1 3 2 1 1 2

They have the same eigenvalues which are 4, =0, 4, = 4, =1, but the eigenvectors are different.
Eigenvectors of A are {[1 1 1]T J[3 1 O]T 10 —1]T}
Eigenvectors of AT are

{[-03015 09045 -0.3015]" , [-01090 -0.6463 0.7553]' ,[0.3736 -0.8155 0.4420] |



3.

(a)

A has one zero eigenvalue

- nullity(A)=1

. rank(A)=3-1=2

(b)

det(ATA) = det(A") det(A) = det(A")-(-1)-0-1=0
(c)

ATA is3 by 3.

rank(A"A) = rank(A)=2

.. One eigenvalue is 0. The other two are unknown.

(d)
Let A be the eigenvalue of A
= AX = AX

= A’X = AAX = AIX = AAX = 1°X
= Eigenvalue of A® is 1 ——— (1)
Let 4 be the eigenvalue of A

= AX=AX

= AX+X=AX+X

= A+D)x=(A+1Dx

= Eigenvalue of A+1is A +1-——(2)
Let 4 be the eigenvalue of A

= AX = AX

= A7 (Ax) = A1 (AX)

= X=AA"X

= A'x=17X

= Eigenvalue of A™" is A" ———(3)
Based on (1)(2)(3)

= Answer = 0.5, 1, 0.5



4.

(a)

AX = AX

= (A-Al)x=0

=|A-21|=0

We can find the eigenvalues which are 4, =1and 4, =c—-0.6

And , the eigenvectors are x, =[L-c  0.6] andx,=[1 1]’

(b)

Whenc=1.6, A= 04 06 and 4, =4, =1
ST oe 16 ] S
= (A-Al)x=0
-0.6 -0.6
= x=0
{o.e 0.6}
=>x=[1 -1

~.all solutions to (A—21)x = 0 are multiples of x=[1 -1]'

(©)

04 02
Whenc=0.8, A= ,and 4, =1and 4, =0.2
06 0.8

We diagonalize A first first

— A=SAS™

A" =SA"S™

= IlimA" =limSA"S™ =1imS . 0 St=S o St
n—o n—o n—o 0 02” 0 0

[1 3]T is the eigenvector corresponding to A, =1

[1 —1]T Is the eigenvector corresponding to 4, =0.2

11
Ar =2
413 3



5.
(a)
G, 1/2 1/2||G,,
P EERS by
. . 1 1
Eigenvalues and eigenvectors of A are 1, -0.5 and L} {2}

(b)

Lot oo 17t

A=SAS™ =
1 -2][0 -05]|1 -2

1 1 7[tim2" 0 1 1T
limA" = e
n—>0 1 -2} 0 lim(-05"|1 -2
[r o101 o2 177 [2/3 1/3
(1 -2]lo ofjr 2| |2/3 13
(©)

. | Gy.s . .1 G 2/3 1/3||1 2/3
lim =limA = =
koo G,y | now G, 2/3 1/3]|0 2/3

6.

Substitute 1 A = SAS™ into (A—Al)

— (A= A1) =(SAS™ — A1) = S(A - A1)S™
= (A-AN)A-LD)A-A4])--(A=-A1)

0 A A
_s| sis| O st.s| s
i 2] 2 0
0 IR A
| A 0 2, o
i 2] 2, 0
=0

Then p(A) = zero matrix , which is the Cayley-Hamilton Theorem.
(If A'is not diagonalizable , one proof is to take a sequence of diagonalizable matrices
approaching A.)



