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Solutions to Homework 8

E=e’+e’+e°+e =e'e=44



2.
The four pointsare (0, 0) ,P,(1, 8) ,P,(3, 8) and R (4, 20).
Then substitute them into the equation which is the problem given.

C+D-0+E-0=0
C+D-1+E-1~8
C+D-3+E-9%~20
C+D-4+E-16~20

The matrix form is

N Y
N S )

So the normal equation is following

ATAX=A"b

b=(0,8,8,20)

‘ p=Ca, +Da, +Ea,

a=(01,1,1,1)
a,=(0,1,3,4)
a,=(0,1,9,16)



{a, ,a, ,a,} will span C(A) , p is the linear combination of {a, , a, , a,}.
And p is also the projection of b onto C(A).

The residual of p and b is e , and e is perpendicular on p.

peC(A) , ec leftN(A).

1 1/3
u
u,=a, =2 :ql—mz 213
2 ! 2/3
T _0 0
U,=a,— L1 g =| 1 |=q,=—2=| 1/42
TR el | 7
e, . 1/3 0 3 3
A=QR=|q, q, aloql aqul —[2/3 1/\2 {0 «/5}
a
" N PY RN

To solve the least squares problem, recall the normal equation
= ATAX=A"b

= (QR)'QRx=(QR)'b

=R'Q'QRX=R'Q'b (Qisorthogonal ..Q" =Q™)

= R'RX=R'Q"b

=Rx=Q'b

3 371 [1/3 2/3 2/3 1
= X =

0 2 0 1/2 -1/\2 1



4,

The projection matrix is A(ATA) A",

But the rank of A is 2, ATA will not be invertible.

So we remove the dependent columns of A first and keep the independent columns.
11

Then anew matrix A = i ; , the column space of new A and original A are the same.
11

.. we can use the new A to get the projection matrix onto C(A)

1 101
1101
AATA) AT = 1
3]0 0 30
1101
-+ left N(A) L C(A)
2 -1 0 -1
-1 2 0 -1
. The projection matrix onto left N(A) =1 —A(ATA)"'A" = 1
3]0 0 0 O
-1 -1 0 2

To find the projection matrix onto row space of A , we also remove the dependent rows

11 3
and keep the independent rows , then the new A = [1 }

2 4
2 -2 2
. The projection matrix onto C(AT) = A’ [(AT)TAT T (AT = 1., 5 4
2 1 5
And N(A) L C(AT)
4 2 2

. The projection matrix onto N(A) =1 — AT [(AT)TAT]_1 (AN :% 2 1
-2 -1 1



(a)

IR S

Ax=[1 1 1 -]

¥

x

4

S is the nullspace of A and dim(S)=4-rank(A)=3

1 111
-11101]]0
= S=span , ,
pan{ ol'l1 0}
0j|0]]1

(b)

S is the nullspace of A.

. S* is the row space of A.
1

1
= S'=span{ . }

-1
(©
0.5 0.5
0.5 0.5
bl = My =
0.5 0.5

1.5 -0.5



6.
A=[Q a]=[a, g, - q, a]
={q, 9, --- Qq,} areorthonormal columns

We use Gram-Schmidt method to orthonormalize a
=

u,=a—(a'q,)q,—(a'q,)a, ---—(a'q,)a,
=a-|(a"a,)q, +(a"q, ), ++(a'a, )q, |

g,'a
q,'a
=a_[Q1 q, -- qn] .
q,'a
q,”
.
:a_[ch q, - qn] q2 a
qT
=a-QQ'a
=a—Pa

Then , normalize u,

—q, = u, _ a—Pa
Ul J@a-Pa)@-Pa)

. The new orthonormal matrix is [Q q,]

v

C@)



