Solution to Probtem set 10

#1 (20pts)

(a)

let Ais anxn skew-Hermitian matrix

Ax=AX

= x"Ax=A||X[

= (X'AX)" = Ax[*

= (X'AX)'= -X'Ax = - (\x) = -A|x|*

= A=Al

= A=-A

= the eigenvalues of any nxn skew-Hermitian matrix are pure imaginary number.

(b)

1.

(eA)T — eAT — e—A
(e*)' xe” =e™ xe
(=AY x(A)=(A)x(-A)

-A)+A

A

De*xet =™ == e =(e*)™
= (") =e" =(e")"

= e" is an orthogonal matrix
2.

if A is skew —Hermitian

(eA)* :eA* —e™A :(eA)—l

= e" is unitary matrix

#2 (15pts)
stepl:find the eigenvalues and eigenvectors of A'A, and the singular value of A
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let e,=|1|=by Gram-Schmidt orthogonalization
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the orthonormal basis of C(A):{ul,uz}:{i 1], OJ}
V2 1)10
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the orthonormal basis of C(A")={v,,v,}={ 1B 0}
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the orthonormal basis of N(A):{vs,v4}:{ﬁ ol O}
01

the orthonormal basis of N(AT):{u3}={%

#3 (20pts)
(@)True
(b)False

' (1 -1 , (1 -1)(1 -1} (0 0
counter example:let A-[l _1]¢0:>A -[1 —1}[1 —1){0 Oj

(©)True
(d)False

11 :
counter example:let A:(0 1J;::I:>e|genva|ue of A=11

(f)True
pf : if all the singular values of A are 0, than rankA=0= A=0.
(g)False

01 : :
counter example:let A:[O Oj:elgenvalue of A=0,0=number of nonzero eigenvalue=0

but rank(A)=1
(h)True
()True



(j)False

1 2 1 3
counterexample.letA—(O 4}'8_(0 4j

1 2) (2 1 2 o\*
(O 4}2(0 g}[o ij[o g) = A and B are similar

singular values of A are 4.4954 and 0.8898
singular values of B are 5.0368 and 0.7942
= sigular values of A # singular values of B

#4 (15pts)

(1)det(A'A) = 0,°0,°0,%0,° =4° x3* x2*x1* =576

(2)trace(AAT) =trace(A'A)=0,° +0,° +0,° +0,” =4 +3° +2°+1° =30
(3)the size of AAT is 5x5

rank(AAT) =rank(A'A) =rank(A) =# of nonzero singular value =4
by rank —nullity theorem:dim[N(AAT)]=5-rank(AAT)=5-4=1

(4)max., | Ax* = MaXq X ATAX = A, (XTX) = Ay, X = Ao = O’ =16
= max,,_, |Ax| =16 = 4
TAT
(S)minx¢0 - AT);A\X :)\min = O-minz =1
2
(6)max,, min ., ”AX! =0;=2"=
«ow [X]
(7)-- A and AT have the same nonzero singular value
_ A'x
O miny, max,, =0,=3
aw X
#5 (15pts)
(a)
o, 0 .- 0 0
0O . 0 0
let A=UD VT, 2= 0 o
o : . -0
o 0 -~ 0 O
~the size of A is nxn=the size of ) is nxn=> "=
g 0 .. 0 0
0O 0 ... 0
02222722225+ 0 o .
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ATA = (U V)T (U V) =V TUHUS V) =V TSV

60 0 .- 0 O 0, 0
o . 0 0 0 0
= ATA=V 0 orz : VT:ZTZ= : r2 : =VIATA(VH?
o : - 0 0 ' 0
0 O 0O O 0 0
AAT = (U VU V)T =UVHVY TUH) =US Y TUT
o 0 0 0 o; 0
0 . 0 0 0 0 0
=>AA"=U : o o’ : UT:ZZT= : 2 : [=UTAATUD™
0o : . 0 0 ’ 0
o 0o -~ 0 O 0 0
= U—lAAT(UT)—l — zz T:z Tzzv—lATA(VT)—l
= AAT =UVATA(VHIUT =UVIATAUV YT =UVITATA(UV D™
= A'A is similar to AAT
(b)
B2=ATA :VZ:TZ‘VT IVZ VT =B IVZVT
C2:AATZUZ‘Z‘TUT=UZ‘2UT:>C=UZ:UT
#6 (15pts)
x=(ATA)*Ab
=X = [(UZ VT)T(UZVT)]_l(UZ Vb
=X = [Vz TUTUZVT]'l(Vz UMb
=X = [Vz TZ:VT]_l(Vz "UNb
=X = [V(z TZ)‘lvT](vz UMb
:>)?=V(ZTZ)_1ZTUTb
6o 0 0 - 0 O o 0 0 -~ 0 O o 0 0 -
| | o . 0 0 0 0 0 0 0 o . 0 O
axely, v |0 0 o0 | o 0 o o | jal0 0 o o0
| | 0 0 O 0 : 0 0 0 0 0 O
o = "o 0 0 I 0 o : .o
0 0 0 0 0 0 0 0 0 0
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