Solutions to problem set 2

#1

stepl : prove that W,+W, is a direct sum = dim(W,+W,)=dim(W,)+dim(W,)
let U={u,u,,..u,} is the base of W,

let V={v,,v,,...v,} is the base of W,

let w,eW, , w,eW,

= W, =C,U; +C,U, +...+C U,
=>w,=dVv,+d,v,+..+d, Vv,

w, +W, e W, + W, =span{u,,u,,...,U,,V,V,,...V, }

let w,+w,=0

=W, +W, =0 has unique solution : w,=w,=0
= U, +C,U, +...+Cc u, =dv, +d,v,+..+d v, =0
=, =C,=..=C,=0 and d, =d,=..=d =0
={u,,u,,....u,,v,,v,,...v } is linear independent
={u,,u,,....u,,v;,V,,...,v, } is the base of W +W,
= dim(W, +W,)=m+n=dim(W, )+dim(W,)

step2 : prove dim(W,+W,)=dim(W,)+dim(W,) = W,+W, is a direct sum
let S={s,,s,,...5.} is the base of W "W,

let U={u,u,,...u,.s,.s,,...S} is the base of W,

let V={v,,v,,...V,,S,S,,...5.} is the base of W,

SNnU=¢ and SNV =¢

= dim(W, " W,)=k

= dim(W,)=m+k

= dim(W,)=n+k

= W, +W, =span{u,,u,,...U,S;,S,,...8;, V1V, .,V }
VLV, VY, e W

SV, V,,.., Vv, can't be represented by u,u,,..U.,S,,S,,...Sy

n m?=1

UL Uy, U, 2 W,

~.Uj,Uy,...,Uu, can't be represented by v,Vv,,...V.,,S;,S,,..S,
={u,,U,,....U,,5,,5,,...S,, V1,V,,..,V, } IS linear independent
={u,,u,,....U,,,5,,5,,...S,, Vy,V,,..,V } IS the base of W, +W,

= dim(W,+W,) =m+k+n

o dim(W,+W,) = dim(W,)+dim(W,)
=>m+k+n=m+n+2k

=k=0
= dim(W, "W, )=k=0
=>W,NnW, =0

= W,+W, is a direct sum

by stepl and step2 : dim(W,+W,)=dim(W,)+dim(W,) < W +W, is a direct sum



#2

let W={w,,w,,..,w_}
T(v,)=> aw,=w, , j=1..n
i=1

T(v,)=a,w, +a,,W, +..+a;W;+...+a,wW =w, , j=1..,n

a; =0, i#]
a; =1, i=]
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o is an invertible matrix
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#4

O a12 aln
a, 0 . :
A=l -BC-CB
: : n-1n
Ay an n-1 0

let B is a diagonal matrix

0 3, ay, bn o - 0 Cu Cp ¢
P L T R
a, . || s oo Cos s
I N 0 0 .. 0 b, JCy ... C ., Cpu
bucu ubjj
20”7bijb
i i
0 ap a,
LA a:21 0 )
n-1n
a, a ., 0
a;, a,
by — by, b, —b
b, O 0 Ay 0
B b, . by, — by
B K. 0 n-1n
0 0 b, Bt o
anl e % 0
b, — by by = bn—l n-1

= Every diagonal elements of matrix B must be distinct.
= There exist matrices B=[b;] and C=[c;] such that A=BC-CB

#5

11 L, (1 -1
A= = A=
01 0 1

AB=BA = B=A"BA

Assume B= (1 J[a bj[l 1) a,b,c,deR
c d){0 1
1 a a+b
(O 1](c c+dJ
a—-c (a+b)—(c+d) a b
{c c+d j (c dj
; b)
=B= =bA+(a—-Db)l =p(A)
0 a

= p(A) =bA +(a—b)l
= p(t) =bt + (a—b)

=c=0

= There exists a polynomial p(t)=bt+(a—b) such that B=p(A)

nn




#6

Ax=y

= (I-2uu")x =y
=X-2uu'x=y
=x-2u(u™x)=y
=x-2Uu'x)u=y
=2(u'X)u=x-y

=u is on the direction of x-y
let u=k(x-y)
=2(u"xX)k(x—-y)=x-y
=2(u'x)k=1

= 2[k(x-y) x]k =1

= 2K’ [x'x-y'x]=1

1
>kK=—
2[x"x—y"x]
,/Z[XTx—yTx]
1 1
@ x:% and y=|0
2 0
T T 1
=x x=1 and yx:é
=>k=% L :i§
1
2[1-=
-]
= Uu=Kk(x-Yy)
1 1
:>u=i§[%2 - 101 1]
2 0
-2 -1
:>u=i§[% 2 ]:i% 1
2 1
=A=1-2uu’
1 -1 -1

SAazi-2h o1 11
11 1
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(2)
=u is on the direction of z-y

=let u=c(z-y)

-1\ (1 -2
u=c( 3 |-|0])=c| 3
-2 \0 2
=>C=x ! ==t ! ==z !
J2Az'z-y'z] A4 (-D)] J30
. -2
:u:iﬁ 2

:>|u|=\/g¢1

= It is impossible to find a matrix A such that Az=y , where z=



