
Solutions to problem set 5 
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Case1 : rank(A) n 1

ran

#1

(a)

if A is singular then rank(A) n-1

A has a nonsingular (n 1) (n 1) submatrix

adjA 0

det(A) I adjA A

det(A) 0

adjA A 0

C(A) N(adjA)

dim(C(A)) Nullity(adjA

k(adjA) 1 (
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nk(adjA)

By (1) and (2)

all (n 1) (n 1) sub

rank(adjA) 1 (2)

if rank(A) n 1 then rank(adjA) 1

Case2 : rankA n 1

if rankA n 1 then rank(adjA)

matrice of A are singular

adjA 0

By Case1 and Case2

rank(adjA) 0 or rank(adjA)

0
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n n

if rankA n 1 the

(b)

rank(adjA) 0 or rank(adjA) 1 and

n 1 2 rank(adjA) 2 n 1

rank(adjA) n 1

By result in (a) :

rank(adjA) n 1

rank(adj

n rank(adjA

(adjA)) 0 adj(adjA) [0]

(c)

SAS adj(SAS ) det(SAS ) I

) 0

n 3
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1 1 1

1 1 1

1 1 1

1 1

SAS adj(SAS ) det(A) I

adj(SAS ) det(A)(SAS )

adj(SAS ) det(A)(SA S )

adj(SAS ) S(det(A)A )S

adj(SAS ) S(adjA)S
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(a)
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let u

1

1

a 1 1 1

1 a 1 1
A (a 1)I uu

1 1 a 1

1 1 1 a

Au (a 1)I u uu u (a 1)u 4u (a 3)u

a 3

1

1
V u

1

1

A is a symmetric matrix

the eigenvectors of A are orthogonal to each other

let V is a
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2 3 4 2 3 4

1

2T

3

4

1

2

3

4

nother eigenvector of A

AV (a 1)I V uu V

V is orthogonal to u

u V 0

AV (a 1)I V and uu V 0

a 1 and V ,V ,V N(uu )

v 01 1 1 1

v 01 1 1 1
uu V 0

v 01 1 1 1

v 01 1 1 1

v

v
V
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2 3 4

2

2 3 4

3

4

v v v 1 1 1

v 1 0 0
v v v

v 0 1 0

v 0 0 1

the eigenvalues of A a 3,a 1,a 1,a 1

1 1 1

1 1 0
the eigenvectors of A , ,

1 0 1

1 0 0
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(b)

a b c d

b a d c
B

c d a b

d c b a

a b c d a b c d

b a d c a b c d

c d a b a b c d

d c b a a b c d

1

1
B has an eigenvector V

1

1

a b c d

b a d c
BV V

c d a b
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1

1 1

1 1

1 1

d c b a 1 1

a b c d

a b c d
a b c d

a b c d

a b c d

B is a symmetric matrix

the eigenvectors of B are orthogonal to each other

other eigen
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3 3

4 4

1 1 1

1 1 1
vectors of B are

1 1 1

1 1 1

1

1
V a b c d

1

1

1

1
V a b c d

1

1

1

1
V a b c d

1

1

the eigenvalues of B a b c d , a b c d , a b     

       
       

        
        
       

        

c d , a b c d

1 1 1 1

1 1 1 1
the eigenvectors of B , , ,

1 1 1 1

1 1 1 1
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(m n)

n

(m n) m n

m n

m

# 3

B 0
A

0 C

( I )V 0A

B I 0
( I )A

0 C I

det( I ) det(B I ) det(C I ) 0A

Case1 : for satisfies det(B I ) 0 and det(C I ) 0

eigenvalue of A eigenvalue of B

Case2 : for satisfies det(B I )
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m n

m n

0 and det(C I ) 0

eigenvalue of A eigenvalue of C

Case3 : for satisfies det(B I ) 0 and det(C I ) 0

eigenvalue of A {eigenvalue of B , eigenvalue of C}

let eigenvector of A is eig _ v(A) eig _ v(A)

let eigenvector of B is eig _ v(B
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n

) eig _ v(B)

let eigenvector of C is eig _ v(C) eig _ v(C)

eig _ v(B)
in case1:eig _ v(A) can be in the form of

0

0
in case2 : eig _ v(A) can be in the form of

eig _ v(C)

eig _ v(B) 0
in case3 : eig _ v(A) can be in the form of and

0 eig _ v
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A I uu

Au Iu uu u u 5u 6u

1

1

6 and V u 1

1
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let V is another eigenvetors of A

AV IV uu V V uu V  
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2 3 4 5

T

1

2

3

4

5

2 1 1 1 1

1 2 1 1 1

A is a symmetric matrix1 1 2 1 1

1 1 1 2 1

1 1 1 1 2

the eigenvectors of A are orthogonal to each other

u V 0

AV V

1

uu V 0

v1 1 1 1 1

v1 1 1 1 1

v1 1 1 1 1

v1 1 1 1 1

v1 1 1 1 1

 
 
 

  
  
  

 
 

                
           
           
                
           
           

          
          

1 2 3 4

2 2

3 3 2 3 4 5

4 4

5 5

0

0

0

0

0

v v v v 1 1 1 1

v v 1 0 0 0

v v v v v v0 1 0 0

v v 0 0 1 0

v v 0 0 0 1

the eigenvalue 

            
         
         
         
         
         
         
         

s of A 6,1,1,1,1

1 1 1 1 1

1 1 0 0 0

the eigenvectors of A , , , ,1 0 1 0 0

1 0 0 1 0

1 0 0 0 1  

 

            
     
     
     
     
     
     
     

    
 
 
  
 
 
 
 

(b)

AX X

1 1 1 1 1 1 1 1 1 1 1 0 0 0 0

1 0 0 0 1 1 0 0 0 1 0 1 0 0 0

A 0 1 0 0 1 0 1 0 0 1 0 0 1 0 0

0 0 1 0 1 0 0 1 0 1 0 0 0 1 0

0 0 0 1 1 0 0 0 1 1 0 0 0 0 6

1 1 1 1 1 1 0 0 0 0

1 0 0 0 1 0 1 0 0 0

A 0 1 0 0 1 0

0 0 1 0 1

0 0 0 1 1
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1 1 1 1 1

1 0 0 0 1

0 1 0 0 0 1 0 0 1

0 0 0 1 0 0 0 1 0 1

0 0 0 0 6 0 0 0 1 1

A S S

 



 
 
 
   
 
 
 
 

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 6
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1 2 3 4 5

(c)

det(A) det( ) 6

(d)

tr(A ) 1 1 1 1 6 40
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0 1 m

m

0 1 m

2 m m

0 0 1 2 m 1 m

2 m m

1 2 m 1 m

2 2 m m

1 2 m

# 5

(a)

(q(A) q( )I) (a q( ))I a A a A

(q(A) q( )I)X [(a q( ))I a A a A ]X

{[a (a a a a )]I a A a A }X

{ (a a a )I a A a A }X

{a [A I] a [A I] a [A I]} 0

(q(A) q( )
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2 m

0 1 2 m

1 1 2 1 m

0 1 2 m

1 2 1 m 1

0 1 2 m

0

I)X 0

q( ) is eigenvalue of q(A) , x is eigenvector of q(A)

(b)

A is diagonalizable let S S A

q(A) a I a A a A a A

q(A) a I a (S S ) a (S S ) a (S S )

q(A) a I a (S S ) a (S S ) a (S S )

(c)

q(A) a I



  

  

   



   



 

     

     

     

     



2 m

1 2 m

1

1 1 2 1 m

0 1 2 m

1 2 1 m 1

0 1 2 m

1 1 2 1 m 1

0 1 2 m

2 m 1

0 1 2 m

a A a A a A

A is similar to B

A MBM

q(A) a I a MBM a (MBM ) a (MBM )

q(A) a I a MBM a MB M a MB M

q(A) Ma IM a MBM a MB M a MB M

q(A) M(a I a B a B a B )M

q(A) is similar to q(B)

 

 

 





  



        

 

 
 

  
 
   

      

       

       

A n 1 2 n

1
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2

n

A 1 2 n

A 1 2 n

1 1 1

A 1

# 6

let A is a n n matrix

let p (t) det(A tI ) (t )(t ) (t )

A is diagonalizable

A S S

0 0

0 0

0 0

0 0

p (t) (t )(t ) (t )

p (A) (A I)(A I) (A I)

p (S S ) (S S I)(S S 
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2 n

1 1 1 1 1 1 1

A 1 2 n

1 1 1 1

A 1 2 n

1 1

A 1 2 n

2 11

A

n 1

I) (S S I)

p (S S ) (S S S IS )(S S S IS ) (S S S IS )

p (S S ) S( I)S S( I)S S( I)S

p (S S ) S( I)( I) ( I)S

0 0 0

0 0
p (S S ) S

0 0

0 0



       
    

       
    
           

1 2 1 n

12 n

n 2

0 0 0 0

0 0 0 0 0
S

0 0 0 0

0 0 0 0 0

         
     

            
     
                  

1 2 1 n

2 1 2 n
1 2 n

n 1 n 2

0 0 0 0 0 0 0

0 0 0 0 0 0 0
let E , E , ,E

0 0 0 0 0 0

0 0 0 0 0 0 0

 

 

 

   

    

     

      

1 2 n 1 1 n

1 2 3 n 1 1 n

1 2 3 n 1 1 n

1 2 3 A

E E : colum1,colum2 [0] row1,row2 [0]

E E E : colum1,colum2,column3 [0] row1,row2,row3 [0]

E E E : colum1,colum2, ,column n [0] row1,row2, ,row n [0]

E E E 0 p 0

 


