Solutlons to pmbtem set 5
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(a)

Casel : rank(A) = n -1

if A is singular then rank(A) < n-1
A has a nonsingular (n -1 x(n -1 submatrix
adjA = 0

= rank(adjA) > 1---eeeeeeeeeen (1)

det(A) x [, = adjA x A
wdet(A) =0

LadjAxA =0

= C(A) < N(adjd)

= dim(C(A)) < Nullity(adjA)

= n -1 < n - rank(adjA)

= rank(adjA) < 1. evveeeeeenn(2)

By () and (2)
if rank(A) = n -1 then rank(adjA) =1

Case? : rankA < n -1

all (n—-Dx(n -1 submatrice of A are singular
adjA =0,

= if rankA <n -1 then rank(adjA) =0

By Casel and Case?
rank(adjA) = 0 or rank(adjd) =1

(b)

rank(adjA) = 0 or rank(adjA) =1 and n >3
~n-12>2 = rank(adjd) <2 <n-1

= rank(adjA) <n -1

By result in (a):if rankA <n -1 then rank(adjA) =0
. rank(adjA) < n -1

. rank(adj(adjAd)) = 0 = adjladjd) = [0] .,
(©

SAS™ x adj(SAS™) = det(SAS™) x I

= SAS™ x adj(SAS™) = det(A) x I
adj(SAS™) = det(A)(SAS™)™!

adj(SAS™) = det(A)(SAT'S™)

adj(SAS™) = S(det(A)A™)S™

=
=
=
= adj(SAS™) = S(adjA)S™
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(a)
1
let u=1
1
1
a l 1 1
= a bl =(a—- DI, + u'
1 a1l
1 1 a

1

1
Au=(a-DLu+uu'u=C-Du+4u=(a+3u
= A =a+3

S T Gy w—ry

A 1s a symmetric matrix

.. the eigenvectors of A are orthogonal to each other

let V 1s another eigenvector of A

AV = (@ - DIV +uu'V

+V is orthogonal to u

~u'V, =0

= AV =(@-DLV and uw'V =0

=X =r =% =a-1 and V,V,V, e N(uu")

111 1)V 0
WV eoo LTVl |0
111 1|V, 0
111 1)\ 0
v, -V, — V; — V, -1 -1 -1
v = Ve = v, 1 + v, 0 +V, 0
Vy Vg 1 0
v, v, 0 1
the eigenvalues of A=a+3a-1la-1la-1
) (-1) (-1) (-1
1 1
the eigenvectors of A = , , 0 , 0
1 0 1 0
| 0 0 1



(b)

a b c d
B - b a d c
cd ab
d ¢c b a
a b C d a+b+c+d
b a d C a+b+c+d
+ + + =
C d a b a+b+c+d
d C b a a+b+c+d
1
: 1
-~ B has an eigenvector V, = i
1
a b c d)f1 1
B =y = |2 & 4 eyt
d a bl|1l 1
d ¢ b a)ll 1
a+b+c+d I
|27 bresd) M => A =a+b+c+d

A

A
a+b+c+d A
a+b+c+d A
B is a symmetric matrix

.. the eigenvectors of B are orthogonal to each other

1 1 1
. -1 | -1
= other eigenvectors of B are i i
-1 1 -1
1
1
V, = 4 =L =a+b-c-d
-1
1
-1
V, = B = A =a-b-c+d
1
1
-1
V, = i = A =a-b+c-d
-1
the eigenvalues of B=a+b+c+d,a+b-c-d,a-b-c+d,a-b+c-d
1 1 1 1
. 1 -1 -1
the eigenvectors of B = S8 Y I Y I
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A= [B OJ
0 C
(A o }Ll(mérn))V = O

B-Al 0
— ] - n
= U= tlon) ( 0 C- MJ

det(A — Al,,,,) = det(B - AI,)det(C - A1) =0
Casel : for A satisfies det(B-Al) =0 and det(C—-Al) =0

= eigenvalue of A = eigenvalue of B

Case2 : for A satisfies det(B—-Al)# 0 and det(C-Al) =10

= eigenvalue of A = eigenvalue of C

Cased : for A satisfies det(B-Al) =0 and det(C-Al) =10

= eigenvalue of A = {eigenvalue of B , eigenvalue of C}

let eigenvector of A is eig_v(A) eig_v(Ad) e R""
let eigenvector of B is eig_v(B) eig_v(B) € R"
let eigenvector of C is eig_v(C) eig_v(C) € R"

eig V(B)j
0

in casel:eig_v(A) can be in the form of (

in case? : eig_v(A) can be in the form of ) 0
eig _ v(C)

in cased : eig_v(A) can be in the form of eig _v(B) and ) 0
0 eig _ v(C)

4
(a)
A=T1+u"

Au=1Iu+uu'u =u+5u = 6u

= A =6 and V, =u =

S O VU G —

let V is another eigenvetors of A
AV=IV+uw'V=V+uw'v



1s a symmetric matrix

2
1

1

1

1

2

11 21

1

to each other

.. the eigenvectors of A are orthogonal

= uV=0

= AV =1V

= A=k, =k = Ay =1

w'v =10

| o
[fe)
=
+
T o
<t
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+
—
_ —
o
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+
i o
[aN]
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I >
12345_
VVVVVV3 -
g
—_ —_ = — =
(o]
11111_V
—_— o o |
—_— o
11111V1 V3

the eigenvalues of A =61 111

0

1|

the eigenvectors of A

(b)

AX = AX

1 0000
01000
00100
00010
0 00O0°F€®G

-1 -1 -1 1
1
1
1
1

-1

-1 -1 -1 1

-1

-1 -1 -1 1

-1

0

1
0
0
0

0
0

1 0000
01000
00100
00010
0 00O0°F€®G

-1 -1 -1 1
1
1
1
1

-1




1 00 00
01000
=A=100100
00010
0 00 06
(c)
det(A) = det(A) =6
@

tr(A) =M + X2 + A2 + M+ =1+1+1+1+6 =40

%5
(a)
(@A) — gD = (a; —qW)I + aA + -+ + a A"
(@A) —qDX = [(a; —a )l + aA + - + a A" X
={[a, - (@, +ar +a,\” + - +ar)] +aA + -+ aA"}X
(-t +ar* + - +a Al +aAd + -+ aA"}X
= {a,[A — A1) + a,[A® = A'I] + - + a,[A" = "]} = 0
= (q(A) = DX =0

= q(A) 1is eigenvalue of q(A) , x 1is eigenvector of q(A)

(b)

A is diagonalizable = let SAS' = A

q(A) = aJ +aA +a,A® - +a A"

= q(A) = a,l + a,(SAS™) + a,(SAS™)* + -+ + a,(SAS™)"
= q(A) = a,l + a,(SAS™) + a,(SA*S™) + -+ + a_(SA"S™)

()

q(A) = aJ +aA +aA’ + - +aA"

= A is similar to B

= A = MBM™

q(A) = a,J + aMBM™ + a,(MBM™)* + -+ + a, (MBM™)"
q(A) = a,J + aMBM™" + a,MB°M™" + --- + a MB"M™'
q(A) = Ma,IM™" + aMBM™ + a MBM™" + --- + a MB"M™'
q(d) = M(a,l + aB + a,B* + - + a B M

R

q(d) is similar to q(B)
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let A is a nxn matrix
let p,() =det(A -tl)=0C -2 -A)--(t—-1A)

+ A is diagonalizable

A = SAS™
A0 0
A 0 A, 0
S0 .0
0 - 0 A,

p, () =t = 2A) = 2 (t =2

= p,(A) = A -ADA-AD-A-21D

= p,(SAS™) = (SAS™ = A D(SAS™ — A,D) - (SAS™ — & D)

= p,(SAS™) = (SAS™" = SAIS™H(SAS™ — SAJIS™) - (SAS™ — SA IS
= p,(SAS™) = S(A = ADST'S(A — A,DS™ - S(A = A DS

= p,(SAS™) = S(A = AD(A = XD - (A = A DS™

0 0 - 0 Y(A-x 0 - 0 A —A 0 e 0
0 A—x 0 0 0 0 : 0 - 0 :
SASH =gs|. " . . 2o S’
= Dy (SAST) S0 0 o0 0 | T 0 0
0 0 A -4 0 o 0 A -2, 0 0
0 0 - 0 =, 0 0 AM—h 0 e 0
0 % -2 0 0o 0 0 0 -a 0 ¢
let E =|. * "' . , E, = . . ,-,E = . 2o
CETL 0 2 o0 .0 n : 0 .
0 . 0 A —X 0 0 A — A, 0 0 0

= E, x E, : columl, colum2 = [0] ,, rowl, row2 = [0],,

= E, x E, x E; : columl, colum2, column3 = [0] , rowl, row2, row3 = [0],,

= E, xE, x--- x E; : columl, colum2, ---, column n = [0] ,, rowl, row2,---,row n = [0]

nxl Ixn

= E xE, x--xE =0=1p, =0



