Solutions to problem set 7

#1 (10pts)

(a)

2+3+2+2+2+1=12

the size of A is 12x12

(b)

rank(A)=1+3+2+2+2+1=11

(c)

A=0,0,2222.23,3,333

(d)

A=0

algebraic multiplicities =2

geometric multiplicities =12 -rank(A) =1

A=2

algebraic multiplicities =5

geometric multiplicities=12-rank(A-21)=12-10=2
A=3

algebraic multiplicities =5

geometric multiplicities=12-rank(A-5I)=12-9=3
(e)

1 0 %
0 1 2 i a=
. k = g a —l
let € =10 €&=|0|-&&*= aj If{k ¢j'_, aJ. =0
. J
0 0 a;,

= the eigenvectors of J are e, e, e, €es€,€, (e OR%k=12..12)

(f)
12

trace(A):Z)\i =0+0+2+2+2+2+2+3+3+3+3+3=25
i=1

#2 (20pts)

(a)

let Ux =Ax

L|Ux|" =<Ux,Ux >=< Ax, Ax >= AN <x,x >=[A[* <x,x >

2. <Ux,Ux >=(Ux) (Ux) =xUUx =x'UUx = x'x =< X, x >

by 1. and 2. <Ux,Ux>=|)\|2<x,x >=< X, X >
:>|)\|2=1:>|)\|=1



(b)

A is the eigenvalue of U
= Ux = Ax

= (Ux)" =(Ax)

= x'U =

= x'U?=ax"

=X =MU=AUx)

= x=AUX

= U'x :lx

:% is the eigenvalue of U

(©

|detU’| =|dety
:‘detU‘l‘ =M
:>|detU|M:1
:>|detU|2 =1
:>|detU| =1

(d)

Uu=I

ool -
— | | |

—col,~
~2 |lcol, col, ... col [=I

n

“col, ™
1,ifi=j
0,if iz]

= the column vectors of U form an orthonormal basis for C"

= coI_Tcon = {

(e)

-+ A is similar to U

O There exists an invertible matrix M such that A=MUM™ and A™*=MU'M™
A’ ZE - (M—l)TUTMT :(MT)—luTMT

let N=M"= A" =NTUN=N"UN=NUN=N M'A'MN

let T=MN , T'=N'M*

— A =TIAT

= A" is similar to A*




#3 (20pts)

(a)
I-AYI-A)=("-A)I-A)=TT-TA-AT+A'A=I-A-A"+A'A
I-A)I-A) =1-A)I'-A)=II' -IA"-A' +AA" =1-A" - A+ AA’
A A= AN

OI-A-A"+AA=I-A -A+AA
=I-A)(I-A)=(I1-A)(I-A)

=I-A is normal

(b)

[AX] = (A%)" (Ax) =X A"Ax =X AA X = (A"%)" (A'%) =AY
= |AX| = HAXH

(c)

(A=AD)'(A=AD) = (A" =AD)(A-AD) = A'A=AA" = NA + A7
(A=AD(A =AD" =(A-AD)(A" =A) = AA" = AA" = AA + A7
A A= AN

O (A=) (A=AD) = (A=) (A -AL)’

= (A-AI) is normal

from the result in (b)

J(A=ADx| =|(A=AD)X|

(A-AD)"=A"-N"=A" =N

= (A -ADx| = (A" ~AD)x|

(d)

from the result in (c)

(A =ADx]| =[(A" = ADx]

=[(A-ADX| =0 =|(A" ~ADX]|

= (A" =N)x = A"x - Ax =[0]

— A"x = Ax

(e)

let Ax; =A%, AX, =X,

AL <Xy, Xy SE<AX, Xy S2<AX, X, = (AX,) X, =XAX, =X, AaXy =< X, A2X, S=A, <X, X, >
= A <Xy, Xy > A, <X, X, >= (A —A,) <X, X, >=0

= A, A, are distinct eigenvalue =\, A,

=<X;,X, >=0

= the eigenvectors belonging to distinct eigenvalues are orthogonal



#4 (10pts)

show that A is normal if HS=SH

AA = (H+S)(H+S)

= AA"=(H+S)H +S")

= AA" =HH +SH +HS +SS’

+*SH=HS , H=H , S=-S

OSH =SH=HS=HS , HS =-HS=-SH=S'H

= AA" =HH +SH +HS +SS" =HH+HS+SH+S'S
= AA" =H H+S)+S (H+S)

=AA =(H +S)H+S)=H+S)'(H+S)=A'A

show that HS=SH if A is normal

AA" =(H+S)(H+S)

A'A=(H+S)'(H+S)

-+ A is normal

OAA =AA

= H+S)H+S) =(H+S)' (H+S)

= H+S)H +S)=H +S)HH+S)

=HH +SH +HS +SS" =HH+HS+SH+S’S

—H =H , S’ =-S=HH+SH-HS-SS =HH+HS ~SH-SS
= SH-HS =HS -SH

= SH=HS
#5 (15pts)
(a)
1 2 3 4 1012
A=[0 1 1 1|=ref=|0 1 11
0111 0 00O
1) (0
0 1
R(A)=span{ , ||| |
2)\1
1
when xORow space of A, |x| has minimum |x,| such that Ax,=|1
1

(You can refer to http://ccjou.twbbs.org/blog/wp-content/uploads/2009/05/powsol-may-4-09.pdf)
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(b)
1)(2
C(A)=span{{0|,| 1}
0)\1

0
wb=|1|0c(A)
0

0
Oproject b to C(A) to minimize |Ax-|1
0

1 0 0Y0) (0
((100j0 1)-1(100]1:00.5 05|l1]=|05
0 05 05)lo) 05

0
find minimum x, such that Ax,=|0.5
0.5

when xORow space of A, |x| has minimum |x,|

1 0

0 1
let x,=¢ 1 +C, 1

=
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#6 (25pts)
(a)
let u, =1
<x,1> 1
U, =X - =x-=
<l1> 2
1
||U2||2 =<Uy, U, >:J-O(X__ dX— = Ju 2”_

= let szx/ﬁ(x—%) ,ow, =1

{w,,w,} is an orthonormal basis for W

(b)

<, wy > <, w, >
= w, + W,
<SWp, Wy > <SW,, W, >

1 1
< X31W1 >= -[O Xst ZZ

< W, >= [Tk = =3

1y o3 Ew ol 3 1y 09x-
:>y-4w1+20x/§wz—4+20\/§[x/ﬁ(x 2)]—O.9x 0.2

(©)
let w, is the basis for W"

., <x2,w1> <x2,w2>
<W, W, > <W, W, >

1 1

<x%,w, >= jo xzdx:§

<X2,W, >= J'lxz[\/ﬁ(x —1)]dx = %\/?

= w, =X —§Wl \/_W2

2 1
=Wy =X -X+e



