Solutions to probL&m set 8
#1

(a)
No!

*counter example

A:l[g ‘)
i

the eigenvalue of Aare 0.5, 2

2o g 05

= A and A™ are similar but the eigenvalue of Aare not +1,-1

(b)

the eigenvalue of A=111

the eigenvalue of B=1,1,1

the eigenvalue of C=1,-1,3

= A and C don't have the same eigenvalue= A and C are not similar
=B and C don't have the same eigenvalue=B and C are not similar

A=111
0 0 0)x, 0 X, 0
A =1=]|1 0 Ofx,|=|0|=|x,|=|0
0 1 O)ixs 0 X, 1
0 0 0)x, 0 X, 0
A, =1=|1 0 O % |=|0|=|x,|=|1
0 1 0O)ixs 1 X5 0
0 0 0)(x, 0 X, 1
A, =1=|1 0 O|x|=|1|=|%,|=|0
0 1 0){x 0 X3 0
0 01 0 01
=M,=(0 1 OJ:M,&: 010
1 00 1 00
110
= J, =MAM, ={O 11
0 01




A =111

0 2 0)\(x, 0 X, 4
N1 =1=]0 0 2] x,|=|0|=]|x,|=|0
0 0 O)lxs 0 X3 0
0 2 0)(x, 4 X, 0
AN, =1=|0 0 2||%,|=|0|=|X,|=]2
0 0 O)ix 0 X, 0
0 2 0Yx 0 X4 0
N;=1=|0 0 2| x,|=|2|=|X%,|=|0
0 0 O)\xs 0 X3 1
4 00 025 0 O
=>M,=0 2 OJ:M;: 0 05 OJ
0 01 0 0 1
110
=)k =MBM;=|0 1 1
0 01

Oonly A and B are similar

#2
the eigenvalue of A=221
let A, =1 = (A-\DX, =0

2 -7 =2\(x 0 X, 1
=1 -3 -1||x|=]0] =|x,|=¢|0
-3 9 3){x 0 X, 1
let A,=2 = (A-A,DX,=0
1 -7 -2)\(x 0 X, 1
=1 4 -1|x,|= OJ =X |=¢] 1
-3 9 2){x 0 X3 -3
let ;=2 = (A-ADX; =X,
1 -7 -2\(x, 1 X; 1
=1 -4 -1{|x|=| 1| =[x]=¢|0
-3 9 2){x -3 X, 0
1 1 1 0 3 1
M=0 1 0|=>M'=|0 1 O
1 -3 0 1 -4 -1
1 00
J=MTAM=|0 2 1
0 0 2



#3

(a)
010 .0
0O 0 1 " °:
A=lt 0
0O - 0 0 1
10 0 0 Jnan
-2 1 o ... 0
0O -~ 1 .
its characteristic polynomial is det(A-Al)=det( : . -~ -~ o)
o - 0 -2 1
10 0 -\
-» 1 0 0 o 1 0 - O
0 A 1 : 0O -~ 1 .
=(-A)det( : .. . .0 J+(=D)xdet( : - . 0 )
O - 0 -x 1 o - 0 -2 1
0 0 0 ANy 1 0 O A (n-1yx(n-1)
by exchanging the rows (n-2) times we can get
o 1 0 - O 1 0 - 0 -A
O -» 1 . o 1 0 - 0
det( : - -~ - 0 )=(-1)7det( ;o 1 )=(-1)*
o -~ 0 -2 1 o o . -0
1 0 0 “Mppxonn) 0 0 A 1 J)p-1e-1)

= det(A - Al) =(-A)" +(-1)"*

let det(A-Al)=0=(-\)"+(-1)""=0

= (-1)"A"-1]1=0=A"=1

The solution of det(A-A)=0 lies on the unit circle of the complex plane,

and there are n distinct eigenvalues A A, ... A,

Ja) 0 0 A, O 0
= The Jordan form of A= O J(.)_\Z) _ O = O )\2 . o
0 0 JA,)) (0 U



(b)

A1 0 -~ 0
o A 1 "
Assume J=lo0 0 A -. O
T |
O - 0 0 A

-+ eigenvalue of J7* is 1 when A#0

A1

0 0
1 0 1)\ 1
_1_ =) =
O Jordan form of J —J()\) 0 0 % 0
1
0 0O O %
-+ eigenvalue of J is A?

M1 0 0

0 N 1 -

OJordan form of F=JA%)=|o0 0 A2 . 0

5 T |

0 - 0 0 M

(©)

For any nonsingular matrix A, we can decompose it using its Jordan Form:
A=M]J,M?

(1) For the case that A has distinct eigenvalues A; & A;:
A is diagonalizable, thus it is trivial to find out a matrix B such that B’=A.
(2) For the case that A is not diagonalizable:
Assume Ja = [i)‘ )1\
- We are trying to find B such that B=A
=~ Itis reasonable to guess that the Jordan Form of B is
Jg = [}\63 7\13] ,where A3 = A.

Therefore,



]2: }\ZB 2)\B
B7lo A3

If we can find out a matrix N such that J§ = NJ, N71, then there must exist a matrix

B = SJg S, which satisfies

B2 =SJ2S 1 = S(NJ,N"1)S™1 = (SN)Jo(SN) "2 = MJ, M~1 = A,

<Why can we assure the existence of B by finding out N?>

Once N is found, we can find out a matrix S=MN™. That is, there must exist a matrix

B=S]JgS™! = (MN"HJ,(MN~1)"1 that satisfies B2=A.

The problem is now reduced: Does N exist? How to find out N?

Since we know that J3 = NJ, N71, we can find out N in an old-fashioned way: let

N = [2 3] and use algebraic method to solve a, b, cand d.

A2 2 b b2 1
2 1 20 B B| |a _|a B
Jg=NJaN :>]BN—N]A:>lO )\zBl[C d]_[c d]lo A4

aA3 + 2cAg = aA3
2 — 2 a b
bA +2dAp = a+bAy _0d=2 N:[

a

cAd = A3 €= 22g
\ dAZ = dA3

2AB

1 1
For simplicity, choose a=b=1 and we have N = [0 Ll
2Ag

Note that nonsingular matrix A guarantees that Az # 0, so there exists N such that

2 = NJa N1 By the comment mentioned above, we can conclude that there exists a

matrix B such that B°=A.



#4

A1 0 -+ 0 A 0 O 0 0O 1 0 0
O A 1 ° : O AN O : 0O 0 1 :
LLA)=l0 0 S 01=l0 0 .o 00 0 - - 0 |=AI+(0)
. N | N0 0 1
O .- 0 0 x O - 0 0 A o -0 0 O
UL O)F =[AL+ 1, (0)F = Y CATLL (0 = 3 AT, ()
i=0 i=0
A0 0 - 0
0 A0 .o
when i=k=CN[J (0" =NI=g 0 - - 0
: - N0
0 .- 0 0 A\
0 0 0
0 0 :
when i=k-1= CN[J (O =C A OF =CALOF=| o0 o - 0
: 0
0 0 0 0
0 0o G 0
0 0 0 :
when i=k-2= CAJ (O =C_ AU OF =CAU.OF=| o o Ak
: 0 0
0 0 0 0
if k>m-1=when i=zm-1= q()\i[Jm(O)]k_i = C,ﬁ_lAk_mﬂ[Jm(O)]m_l
0 0 0 Cr A ™
0 0 0 - :
= 0 0 0
0 0 0 0
A 1 0 .. 0) Ak CENK2 Ck A
0 A 1 - 0 AK ;
=>U.MF=|0 o ol=| o 0 CoN?
P Al : ' ' A€
0 0O 0 A 0 0 0 AK



#5

(a)

consider

X(t) — XOeAteBt

y(t) =y et

x(0) =x, =y(0) =y,
let z(t) =x,e™

X'() = (x,e™e™)" = [e*z()]'

= x'(1) = AeMz(t) +Bez(t)

= x'(t) = Ax(t) + Bx(t)

= x'(t) = (A +B)x(t)

y'() =y,(A +B)e"® = (A +B)y(t)
= X(0) =y(0)

Ox(t) =y(t) ,for t=0

= x,e*e® =x(1) = y(1) = y,e*"®

— eAeB - e(A+B)

(b)

TSI O Y (4 BT
N B R X R O L O
) P e
3 {13 9 3
i P G P (Y Fy E e
R H e S B b e

oA = -2 1\(e® 0)(-2 1_1___1 2-¢ 2-2
1 1)lo0 &€/l1 1 3(1-e -1-2¢°

— eAeB Z eA+B



