Linear Algebra
Problem Set 10 Solution

1.(10pts)
Letdet(A-21) = 0= A=0, 3, -3
1 0 2 2
A=0,A-A1=0 -1 -2|,x,=|2
2 -2 0 -1
-2 0 2 2
A=3,A-Al= 0 -4 -2|,x,=-1
2 -2 -3 2
4 0 2 1
A=3A21=[0 2 —2|,%=|-
2 -2 3 -2
X X =0,X) % =0,% X, =0 .. X,X,,X, are orthogonal.
2 2 1
LetQ=[x X, x3]=|2 -1 -2
-1 2 -2
AQ=[Ax, Ax, AXx]
2 2 1]/0 0 O
=[0xx, 3xAx, -3xAx]=|2 -1 -2|[0 3 0 |=QA
-1 2 -2{|0 0 -3
0 0 O
Q'AQ=A=|0 3 0
0 0 -3
2 2 1
Q=|2 -1 -2
-1 2 -2
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2.(10pts)
(a)

{2 L

(b)
Az=2y = ATAz=A"ly = A(A'y) = 1’z
3.(30pts)
(a)
False
11 1 1
counter example: , A=1,2, X =| _|,)x,=
0 2 0 1
(b)
True
A=QAQ™" =QAQ’

AT = (QAQ)T =QATQ" = QAQ" = A
(©)

True
A:AT,A_l :(AT)—]. :(A—l)T

(d)
False
A=A"~B
B=M'AM = A=MBM ™
BT =(MAM) =MTAT(M )T =MTAMT)™
B is not always = B"

(€)

False

11 1 -1 1 -1
counter example: , A=2,0, X, =|_|X, = ,S=
11 1 1

1 1



(f)

True
positive definite = All eigenvalue > 0= A4, 4,4;---4, >0

(9)
True
1
A=QAQT, AT=QA'QT, A=l
0 —
/12
1 1 . o . -
— ,— are positive = A is positive definite
A A
(h)
True

A is positive definite u"Au > 0, for all u
B is positive definite u'Bu > 0, for all u
u'(A+B)u= (u'A+u'B)u=u'Au+u'Bu>0

(i)
True
All diagonal entries are eigenvalues - diagonal entries>0= 4, >0
= As positive definite

()

True
All projection matrix are singular except |



4.(10pts)
det(A) = -1, det(B) = 0= Alis invertible, B is not invertible

T 0,i#] _ )
q a; = Lizj = As orthogonal, B is not orthogonal

A" = A,A* = A= As not projection

B" =B,B*=B = B is projection

A'=AT= Alis permutation

B is not permutation(B is not invertible )

-~ Ais real symmetric= A is diagonalizable= B is diagonalizable
Letdet(A-A1)=0, A=1,1,-1 = Ais not positive definite
det(B) = 0= B is not positive definite

5.(15pts)
(@)

X'AX = (Ax)'x = x"ATx = - x'Ax
= 2X'Ax=0
= x'Ax=0

(b)
Let z be an eigenvector of A
assume z=a+bi, a,beR

7 Az=A7 7= /1||z||2

7' Az =(a—bi)  A(a+bi)=a" Aa+ (a’ Ab)i — (b Aa)i +b" Ab

=i(a"Ab—b"Aa) = (a" Ab—b" Aa) is scalar
= The eigenvalue of A are pure imaginary

(©)

Because the eigenvalue of A are pure imaginaty, the eigenvalues are pairs of (bi)
and (—bi), det(A) = A4 A4,4,---4, 20



6.(10pts)
det(A1) =c>0
det(A;) =c’-1>0=c>1lorc<-1
det(As)=c®*-3c+2=(c-1)%c+2)>0=c>-2
= If ¢ > 1, itis positive definite

det(B;)=1>0
det(B,)=d-9>0=d>9=>

det(B;) =d*-9c- 16 >0=d >

9+ \2/145 ord < 9- \2/145

—If d> 9“2145 it is positive definite
7.(15pts)
(a)
10 110
T 110
ATA=|1 1 =1 2 1|=4=0,1,3
011
01 011
1 1 1
For 4,=0, x,=|-1|;For A4,=1, Xx,=| 0 |;For 4,=3, X, =|2
1 -1 1
110 Lo 2 1
AA'= 1 1|= = A=1,3
011 o 1 1 2

1 1
For A=1, xlz[ 1}For A=3, XZZL}

(b)
0'l=\/6=0,02 =\/i=1,a3:\/§

(©)

when x=-7|2|, max|Ax| = o,=+/3

o))
N e



