
Linear Algebra 

Problem Set 10 Solution           Spring 2016 

 

1. (15pts) 

(a) 

𝑇(𝑥) = (2
𝑣𝑣𝑇

𝑣𝑇𝑣
− 𝐼) 𝑥 = [

−3 5⁄ 0 4 5⁄
0 −1 0

4 5⁄ 0 3 5⁄
] 𝑥 

𝜆 = 1, −1, −1 

𝛽 = span {
1

√5
[
1
0
2

] ,
1

√6
[

2
1

−1
] ,

1

√6
[

2
−1
−1

]} 

 

(b) 

[𝑇]𝛽 = 𝛽−1𝑇𝛽 = [
1 0 0
0 −1 0
0 0 −1

] 

 

(c) 

𝑇 = [
−3 5⁄ 0 4 5⁄

0 −1 0
4 5⁄ 0 3 5⁄

] 

 

2.(10pts) 

𝜆 = 0,3, −3 

𝑥 = [
−2
−2
1

] , [
2

−1
2

] , [
−1
2
2

] 

Q = [
−2 3⁄ 2 3⁄ −1 3⁄

−2 3⁄ −1 3⁄ 2 3⁄

1 3⁄ 2 3⁄ 2 3⁄
] , D = [

0 0 0
0 3 0
0 0 −3

] 

 

3.(10pts) 

𝐴 is a positive definite matrix, all eigenvalues are larger than 0. 

𝐴 = 𝑄𝐷𝑄𝑇 = 𝑄 [
√𝜆1 ⋯ 0

⋮ ⋱ ⋮

0 ⋯ √𝜆𝑛

] [
√𝜆1 ⋯ 0

⋮ ⋱ ⋮

0 ⋯ √𝜆𝑛

] 𝑄𝑇 = 𝑄ΣΣ𝑇𝑄𝑇 = 𝐵𝐵𝑇 

 



4.(20pts) 

(a)True 

rank(A) = rank(𝐴𝑇𝐴) = rank(𝐴2) 

 

(b)True 

𝐷 is a real diagonal matrix. 

𝐴 = 𝑄𝐷𝑄−1 = 𝑄𝐷𝑄𝑇 

𝐴𝑇 = (𝑄𝐷𝑄𝑇)𝑇 = 𝑄𝐷𝑄𝑇 = 𝐴 

 

(c)True 

 All positive definite matrix′s eigenvalues are larger than 0. 

tr(A) = a + c > 0, det(A) = ac − 𝑏2 > 0 → 𝑎 > 0, 𝑐 > 0 

 

(d)False 

正交矩陣必可么正對角化，𝐴 = 𝑆𝐷𝑆−1 = 𝑆𝐷𝑆∗ 

S亦為一么正矩陣，而𝑆與𝑆∗不一定相等。 

參考:么正矩陣 

 

(e)False 

𝐴 = 𝐴𝑇 , 𝐴 = 𝑀𝐵𝑀−1 

𝐵 = 𝑀−1𝐴𝑀 

𝐵𝑇 = 𝑀𝑇𝐴𝑇(𝑀−1)𝑇 = 𝑀𝑇𝐴(𝑀−1)𝑇 

𝑀−1 is not always equal to 𝑀𝑇 , so 𝐵 ≠ 𝐵𝑇 . 

 

(f)True 

𝐴𝑇𝐴 is a real symmetric matrix → It is diagonalizable. 

 

(g)True 

All positive definite matrix′s eigenvalues are larger than 0, det(𝐴) > 0. 

 

(h)True 

From(g), the eigenvalues of  inverse matrix: 𝜆𝑛
′ = 𝜆𝑛

−1 > 0, 𝑛 = 1,2, ⋯. 

 

(i)True 

𝑥𝑇𝐴𝑥 > 0, 𝑥𝑇𝐵𝑥 > 0 

𝑥𝑇(𝐴 + 𝐵)𝑥 = 𝑥𝑇𝐴𝑥 + 𝑥𝑇𝐵𝑥 > 0 

 

 

https://ccjou.wordpress.com/2009/09/03/%E7%89%B9%E6%AE%8A%E7%9F%A9%E9%99%A3-%E4%B8%89%EF%BC%9A%E9%85%89%E7%9F%A9%E9%99%A3/


(j)True 

𝑃2 = 𝑃 → 𝑃(𝑃 − 𝐼) = 0 

𝑃 = 0 𝑜𝑟 𝐼 

𝑃 is positive definite matrix, so 𝑃 = 𝐼. 

 

5.(20pts) 

(a) 

𝐴2 = (−𝐴)(−𝐴) = 𝐴𝑇𝐴𝑇 = (𝐴2)𝑇 

‖𝐴𝑥‖2 = 𝑥𝑇𝐴𝑇𝐴𝑥 = −𝑥𝑇𝐴2𝑥 ≥ 0 → 𝑥𝑇𝐴2𝑥 ≤ 0 

𝐴2 is symmetric and all eigenvalues are equal to or smaller than zero. 

 

(b) 

𝑥𝑇𝐴𝑥 = (𝑥𝑇𝐴𝑥)𝑇 = 𝑥𝑇𝐴𝑇𝑥 = −𝑥𝑇𝐴𝑥 = 0 

 

(c) 

(𝐴̅𝑥̅)𝑇 = (𝜆̅𝑥̅)
𝑇
 

𝑥̅𝑇𝐴̅ 𝑇 = 𝜆̅𝑥̅𝑇 

−𝑥
𝑇

𝐴𝑥 = −λ𝑥
𝑇

𝑥 = 𝜆̅𝑥̅𝑇𝑥 

−𝜆 = 𝜆̅ → 𝜆 is pure imaginary or 0. 

 

(d) 

From (c), λ is a complex conjugate pair or zero, so det(𝐴) is positive or zero.  

 

6.(10pts) 

{

|𝑎| > 0

|
𝑎 1
1 𝑎

| > 0

det(𝐴) > 0

→ {
𝑎 > 0

𝑎2 − 1 > 0
𝑎3 − 3𝑎 + 2 > 0

→ a > 1 

 

{

|1| > 0

|
1 3
3 𝑏

| > 0

det(𝐵) > 0

→ {
𝑏 − 9 > 0

𝑏2 − 9𝑏 − 16 > 0
→ b >

9 + √145

2
 

 

 

 

 

 

 



7.(15pts) 

(a) 

𝐴𝑇𝐴 = [
1 1 0
1 2 1
0 1 1

] 

λ = 0,1,3 

σ = 0,1, √3 

(b) 

𝑣 =
1

√3
[

1
−1
1

] ,
1

√2
[

1
0

−1
] ,

1

√6
[
1
2
1

] 

 

(c) 

𝑥 =
1

√6
[
1
2
1

] 

‖𝐴𝑥‖ = ‖
1

√6
[
3
3

]‖ = √3 


