Linear Algebra
Problem Set 2 Solution

1. (20pts)

(@)True

(A2 42=4"1-4"1-A-A=1
A2 (A D2 =4-A- A1 41 =]

(b)False
AT+B Y- (A+B)=1+A""B+B'4+1
(A+B) (A *+BYH)=1+AB ' +BA ' +1

(c)True
(B7'A)-(A4B) =1
(A7B)-(B71A) =1

(d)False
(A_lB_l)T . (AB)T — (B—l)T(A—l)TBTAT
(AB)T . (A_lB_l)T — BTAT(B—l)T(A—l)T

(e)False

(A+B)?*=(A+B)(A+B) =A%+ AB + BA + B?

(HFalse
(A+B)(A—B) = A®> — AB+ BA — B?

(g)False
ABA™'=B—>ABA™'-A=AB#B-A

(h)True

(ABA™1)3 = (ABA™Y)(ABA™1)(ABA™Y) = AB3A™1

(i)True
I+ADU-AD) =1 -A+A-A%>=]-A?

(1) True
ABB 1A 1 = AIA™Y = JAA"1 = BB~ 14714
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2.(20pts)

(a)

Suppose ABx = 0, B is a 2 X 3 matri, its pivots < 2.

So, there exists a nonzero vector x such that Bx = 0 and let A(Bx) = 0.

It proves that AB is not invertible.

(b)

If A is an X n singular matrix, there exists a nonzero vector x such that Ax = 0.
LetB=[x x -+ X],xn suchthatAB =0

(©)

A= [2 8] or [8 g] ,ais an arbitrary constant.

(d)
A=A->A1 A=A A-5A4=]

3.(15pts)

(a)

(A+B)A"Y"(A-B)=(A+B)(I—-A"'B)=A+B—-B—BA™'B
=A—-BAT'B=(A-B)(I+A'B)=(A—-B)A"'(A+B)

(b)

AB=A+B—-> AB—A-B=0 - AB-)-B-D=I
SA-DB-D=1 » B-DA-1)=1
>BA—-B—-A+I1=1 > BA=B+A— BA=AB

(c)

A T4+B D) 1T=4-4A+B) 4> A '"+B HYA-A4A+B) A =1
Let (A"'+B HA-AA+B)1A) =X

- I+B'A—(A+B) 'A-B 'AA+B)'4=X
B+A—B(A+B)'A—A(A+B)™'A =BX
B+A—(B+A)(A+B)™'A=BX

B+A—A=BX

X=1
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4.(10pts)
AB=C->BTAT=CT - BTx =T

11 3 |1 =31 [-1 1 3 |1 -3
BTICT]->]0 1 1 |2 1]-]lo0o 11 |2 1
1 0 -1 1o 51 lo 12 11 2
11 3 |1 =31 [-1 1 0 |4 -6
slo 11 |2 1l-lo 10 |3 o
o 01 Il-=1 11 lo o1 I-1 1
10 0 |1 —6] [1L 0O O |-1 6
slo 10 |3 ofl=l0o 1 0 |3 o|l=[x
0o 01 Il=1 11 lo o 1 l-1 1
. -1 3 -1
A=x _[6 0 1]
5.(15pts)
(a)
PA=LU - PAx =LUx=Pb->y=Ux—->Ly=Pb
1 0 0 0 [-3 _3
B 31 0 0 |14 |5
Ly=pPb=1 " 5 1 0 |o|7Y7|2
1 8 -5 1 |33 0
1 2 -1 4 |-3 1
Ueevo|00 1 3 7 5|, _|1
YZlo o 1 2 |2 2
00 0 1 10 0
(b)

PA=LU—-A=PTLU
Let x be the firstrowof A7 > xA =xPTLU=[1 0 0 0]=c

UTLTPxT =cT > ITPxT =y > UTy =T

1 00 0 |1 1
~ 12 100 o )
Uy=c =14 3 1 0 o777~

4 7 2 1 lo —4

31 -1 1 |1 56
S 1 0 8 2 |=2| - [|178
LPxi=y=>149 o0 -5 1 |7]|7* —4

0 0 1 0 |-4 ~13



6.(20pts)

(a)
ajx vt Qin byy -+ bip

A= : : » B = ’OSaUSp’lﬁ(l,])Sn
Ap1 - Qpn bny - bpn

(b11 + byy + - bp1) > (b1z + bay + -+ bpy) » oo > (byy + by + - bpy) < q

OSbU’lS(l,])Sn

LetC = AB
C11 = Qq1b11 + A12byg + -+ agpbyy < p(byg + byy + -+ byy) < pq

Cnn = anlbln + aanZn + et annbnn < p(bln + b2n + et bnn) < pq

(b)
i1 vt Qip
A=|: ’ :
An1 " Ann
(ay; +azr + - +an) (a1 +az + - +apy) * . (@ +azy + - +ap,) <1
al = all + a21 + ...+an1 ) az ) eee 3 an = aln + aZn + ...ann
max a; = s
1<isn

TR- BT R ARy
Let B = A?,

by = say; + say; + -+ say, = s(a;; + ayy + - +a,,) = sa; < s?,

S

FTN

all entries of A% < s2.
Then, A™ = A™ 1. A5 s™ g, +s™ tay, + -+ s™a,, =s™1lq; < s™
~ all entries of A™ < s™

(©)

Because s < 1,s0 lim s™ = 0, and all entries of A™ < s™.

m—oo

Thatis, lim A™ = 0.

m—oo



