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1. (20pts) 

(a)True 

(𝐴−1)2 ∙ 𝐴2 = 𝐴−1 ∙ 𝐴−1 ∙ 𝐴 ∙ 𝐴 = 𝐼 

𝐴2 ∙ (𝐴−1)2 = 𝐴 ∙ 𝐴 ∙ 𝐴−1 ∙ 𝐴−1 = 𝐼 

 

(b)False 

(𝐴−1 + 𝐵−1) ∙ (𝐴 + 𝐵) = 𝐼 + 𝐴−1𝐵 + 𝐵−1𝐴 + 𝐼 

(𝐴 + 𝐵) ∙ (𝐴−1 + 𝐵−1) = 𝐼 + 𝐴𝐵−1 + 𝐵𝐴−1 + 𝐼 

 

(c)True 

(𝐵−1𝐴) ∙ (𝐴−1𝐵) = 𝐼 

(𝐴−1𝐵) ∙ (𝐵−1𝐴) = 𝐼  

 

(d)False 

(𝐴−1𝐵−1)𝑇 ∙ (𝐴𝐵)𝑇 = (𝐵−1)𝑇(𝐴−1)𝑇𝐵𝑇𝐴𝑇 

(𝐴𝐵)𝑇 ∙ (𝐴−1𝐵−1)𝑇 = 𝐵𝑇𝐴𝑇(𝐵−1)𝑇(𝐴−1)𝑇 

 

(e)False 

(𝐴 + 𝐵)2 = (𝐴 + 𝐵) ∙ (𝐴 + 𝐵) = 𝐴2 + 𝐴𝐵 + 𝐵𝐴 + 𝐵2 

 

(f)False 

(𝐴 + 𝐵)(𝐴 − 𝐵) = 𝐴2 − 𝐴𝐵 + 𝐵𝐴 − 𝐵2 

 

(g)False 

𝐴𝐵𝐴−1 = 𝐵 → 𝐴𝐵𝐴−1 ∙ 𝐴 = 𝐴𝐵 ≠ 𝐵 ∙ 𝐴 

 

(h)True 

(𝐴𝐵𝐴−1)3 = (𝐴𝐵𝐴−1)(𝐴𝐵𝐴−1)(𝐴𝐵𝐴−1) = 𝐴𝐵3𝐴−1 

 

(i)True 

(𝐼 + 𝐴)(𝐼 − 𝐴) = 𝐼2 − 𝐴 + 𝐴 − 𝐴2 = 𝐼 − 𝐴2 

 

(j)True 

𝐴𝐵𝐵−1𝐴−1 = 𝐴𝐼𝐴−1 = 𝐼𝐴𝐴−1 = 𝐵𝐵−1𝐴−1𝐴 

 



2.(20pts) 

(a) 

Suppose 𝐴𝐵𝑥 = 0, 𝐵 is a 2 × 3 matrix, its pivots ≤ 2.  

So, t ere exists a  o  ero ve tor 𝑥 su   t at 𝐵𝑥 = 0 a    et 𝐴(𝐵𝑥) = 0. 

 t proves t at 𝐴𝐵 is  ot i verti  e. 

 

(b) 

 f 𝐴 is a 𝑛 × 𝑛 si gu ar matrix, t ere exists a  o  ero ve tor 𝑥 su   t at 𝐴𝑥 = 0. 

Let 𝐵 = [𝑥 𝑥 ⋯ 𝑥]𝑛×𝑛  su   t at 𝐴𝐵 = 0 

 

(c) 

𝐴 = [
0 0
𝑎 0

] 𝑜𝑟 [
0 𝑎
0 0

] , a is a  ar itrary  o sta t. 

 

(d) 

𝐴2 = 𝐴 → 𝐴−1 ∙ 𝐴2 = 𝐴−1 ∙ 𝐴 → 𝐴 = 𝐼 

 

3.(15pts) 

(a) 

(𝐴 + 𝐵)𝐴−1(𝐴 − 𝐵) = (𝐴 + 𝐵)(𝐼 − 𝐴−1𝐵) = 𝐴 + 𝐵 − 𝐵 − 𝐵𝐴−1𝐵 

                                       = 𝐴 − 𝐵𝐴−1𝐵 = (𝐴 − 𝐵)(𝐼 + 𝐴−1𝐵) = (𝐴 − 𝐵)𝐴−1(𝐴 + 𝐵) 

 

(b) 

𝐴𝐵 = 𝐴 + 𝐵 →  𝐴𝐵 − 𝐴 − 𝐵 = 0      →  𝐴(𝐵 − 𝐼) − (𝐵 − 𝐼) = 𝐼 

                         → (𝐴 − 𝐼)(𝐵 − 𝐼) = 𝐼  →  (𝐵 − 𝐼)(𝐴 − 𝐼) = 𝐼 

                         → 𝐵𝐴 − 𝐵 − 𝐴 + 𝐼 = 𝐼 →  𝐵𝐴 = 𝐵 + 𝐴 →  𝐵𝐴 = 𝐴𝐵 

 

(c) 

(𝐴−1 + 𝐵−1)−1 = 𝐴 − 𝐴(𝐴 + 𝐵)−1𝐴 →  (𝐴−1 + 𝐵−1)(𝐴 − 𝐴(𝐴 + 𝐵)−1𝐴) = 𝐼  

 𝐿𝑒𝑡 (𝐴−1 + 𝐵−1)(𝐴 − 𝐴(𝐴 + 𝐵)−1𝐴) = 𝑋 

→   𝐼 + 𝐵−1𝐴 − (𝐴 + 𝐵)−1𝐴 − 𝐵−1𝐴(𝐴 + 𝐵)−1𝐴 = 𝑋 

→   𝐵 + 𝐴 − 𝐵(𝐴 + 𝐵)−1𝐴 − 𝐴(𝐴 + 𝐵)−1𝐴 = 𝐵𝑋 

→   𝐵 + 𝐴 − (𝐵 + 𝐴)(𝐴 + 𝐵)−1𝐴 = 𝐵𝑋 

→   𝐵 + 𝐴 − 𝐴 = 𝐵𝑋 

→   𝑋 = 𝐼 

 

 

 



4.(10pts) 

𝐴𝐵 = 𝐶 → 𝐵𝑇𝐴𝑇 = 𝐶𝑇 → 𝐵𝑇𝑥 = 𝐶𝑇 

[𝐵𝑇|𝐶𝑇] → [
−1 1 3
0 1 1
1 0 −1

|
1 −3
2 1
0 5

] → [
−1 1 3
0 1 1
0 1 2

|
1 −3
2 1
1 2

] 

                → [
−1 1 3
0 1 1
0 0 1

|
1 −3
2 1
−1 1

] → [
−1 1 0
0 1 0
0 0 1

|
4 −6
3 0
−1 1

] 

                → [
−1 0 0
0 1 0
0 0 1

|
1 −6
3 0
−1 1

] → [
1 0 0
0 1 0
0 0 1

|
−1 6
3 0
−1 1

] → [𝐼|𝑥] 

𝐴 = 𝑥𝑇 = [
−1 3 −1
6 0 1

] 

 

5.(15pts) 

(a) 

𝑃𝐴 = 𝐿𝑈 → 𝑃𝐴𝑥 = 𝐿𝑈𝑥 = 𝑃𝑏 → 𝑦 = 𝑈𝑥 → 𝐿𝑦 = 𝑃𝑏 

𝐿𝑦 = 𝑃𝑏 → [

1 0 0 0
−3 1 0 0
1 2 1 0
−1 8 −5 1

|

−3
14
9
33

] → 𝑦 = [

−3
5
2
0

] 

𝑈𝑥 = 𝑦 → [

1 2 −1 4
0 1 3 7
0 0 1 2
0 0 0 1

|

−3
5
2
0

] → 𝑥 = [

1
−1
2
0

] 

 

(b) 

𝑃𝐴 = 𝐿𝑈 → 𝐴 = 𝑃𝑇𝐿𝑈 

Let 𝑥  e t e first row of 𝐴−1 → 𝑥𝐴 = 𝑥𝑃𝑇𝐿𝑈 = [1 0 0 0] =   

𝑈𝑇𝐿𝑇𝑃𝑥𝑇 = 𝑐𝑇 → 𝐿𝑇𝑃𝑥𝑇 = 𝑦 → 𝑈𝑇y = 𝑐𝑇 

𝑈𝑇y = 𝑐𝑇 → [

1 0 0 0
2 1 0 0
−1 3 1 0
4 7 2 1

|

1
0
0
0

] → 𝑦 = [

1
−2
7
−4

] 

𝐿𝑇𝑃𝑥𝑇 = 𝑦 → [

−3 1 −1 1
1 0 8 2
0 0 −5 1
0 0 1 0

|

1
−2
7
−4

] → 𝑥𝑇 = [

56
178
−4
−13

] 

 

 

 

 



6.(20pts) 

(a) 

𝐴 = [

𝑎11 ⋯ 𝑎1𝑛

⋮ ⋱ ⋮
𝑎𝑛1 ⋯ 𝑎𝑛𝑛

]，𝐵 = [
𝑏11 ⋯ 𝑏1𝑛
⋮ ⋱ ⋮

𝑏𝑛1 ⋯ 𝑏𝑛𝑛

]，0 ≤ 𝑎𝑖𝑗 ≤ 𝑝，1 ≤ (i, j) ≤   

(𝑏11 + 𝑏21 +⋯𝑏𝑛1)、(𝑏12 + 𝑏22 +⋯𝑏𝑛2)、…、(𝑏1𝑛 + 𝑏2𝑛 +⋯𝑏𝑛𝑛) ≤ 𝑞 

0 ≤ 𝑏𝑖𝑗，1 ≤ (i, j) ≤   

 

Let 𝐶 = 𝐴𝐵 

𝑐11 = 𝑎11𝑏11 + 𝑎12𝑏21 +⋯+ 𝑎1𝑛𝑏𝑛1 ≤ 𝑝(𝑏11 + 𝑏21 +⋯+ 𝑏𝑛1) ≤ 𝑝𝑞 

  ⋮ 

𝑐𝑛𝑛 = 𝑎𝑛1𝑏1𝑛 + 𝑎𝑛2𝑏2𝑛 +⋯+ 𝑎𝑛𝑛𝑏𝑛𝑛 ≤ 𝑝(𝑏1𝑛 + 𝑏2𝑛 +⋯+ 𝑏𝑛𝑛) ≤ 𝑝𝑞 

 

(b) 

𝐴 = [

𝑎11 ⋯ 𝑎1𝑛

⋮ ⋱ ⋮
𝑎𝑛1 ⋯ 𝑎𝑛𝑛

] 

(𝑎11 + 𝑎21 +⋯+𝑎𝑛1)、(𝑎12 + 𝑎22 +⋯+𝑎𝑛2)、…、(𝑎1𝑛 + 𝑎2𝑛 +⋯+𝑎𝑛𝑛) < 1 

𝑎1 = 𝑎11 + 𝑎21 +⋯+𝑎𝑛1， 𝑎2 ，⋯，𝑎𝑛 = 𝑎1𝑛 + 𝑎2𝑛 +⋯𝑎𝑛𝑛 

max
1≤𝑖≤𝑛

𝑎𝑖 = 𝑠 

 

考慮一最大可能性：某列之元素皆為 s 

Let 𝐵 = 𝐴2, 

𝑏11 = 𝑠𝑎11 + 𝑠𝑎21 +⋯+ 𝑠𝑎𝑛1 = 𝑠(𝑎11 + 𝑎21 +⋯+𝑎𝑛1) = 𝑠𝑎1 ≤ 𝑠2, 

a   e tries of 𝐴2 ≤ 𝑠2. 

 

T e , 𝐴𝑚 = 𝐴𝑚−1 ∙ 𝐴 → 𝑠𝑚−1𝑎11 + 𝑠𝑚−1𝑎21 +⋯+ 𝑠𝑚−1𝑎𝑛1 = 𝑠𝑚−1𝑎1 ≤ 𝑠𝑚 

 

∴ a   e tries of 𝐴𝑚 ≤ 𝑠𝑚 

 

(c) 

Be ause  𝑠 < 1, so  im
𝑚→∞

𝑠𝑚 = 0, a   a   e tries of 𝐴𝑚 ≤ 𝑠𝑚 . 

T at is,  im
𝑚→∞

𝐴𝑚 = 0. 


