Linear Algebra

Problem Set 3 Solution Spring 2016
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If there exists A=Y, then A~ = U™D" 1L 1, and D! = [(I”) - ]
(1—-cTh)t

Thatis,1 —c’b # 0 - cTh # 1.
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3.(10pts)
(@ (0,0,0) ¢ S

(b) (1,0,0) € S, (0,1,1) € S, but(1,0,0) + (0,1,1) = (1,1,1) & S.
© (-1, €S, (-1,1,2) €S, but(-1,1,1) + (-1)(-1,1,2) = (0,0,—1) & S.
(d) It is a subspace of R3.

(e) It is a subspace of R3.



4.(10pts)
LetV = (xq,x,,+, X,;,) be alist vectors in R™.
That is, span(V) = c¢;x; + ¢cyx5 + - + ¢y, for some ¢y, ¢y, ¢ € R.

0 € span(V) when ¢y, ¢3,*, ¢, =0
Suppose a, b € span(V) ,where a = cyx; + X5 + = + CXom,
b=dix; +dyx, + -+ dpyuxy, for c;,¢cy,, i, dy,dy, -, dy ER

and scalar A € R.

Where a+ Ab = (¢; + Ady)x; + (c; + Ady)x, + -+ (¢ + M) X
€ span(V)

Hence, span(V)is a subspace of R".
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(b)
y € col(A) and rank(A) = 1
2a 2b 2c a 3 8 -2
LetA=|0 0 O ,5a+3b—86=1—>lbl=c1 —5|+c |0+ 1
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(©)
[A11 ai; 2k! 5a11 + 3(112 - 8a13 =2
A = 0 azz a23] ,{ 3(122 —_ 8a23 = O all, a22, a33 * 0
- 0 0 az3 _8(133 =1

ai1] 3 8 4 Ay, 3 1
a2 = C]_ —5 + CZ 0 + 12 ) |:a23:| == C1 [3 , a33 = _g
a3} 0 5 3




-a11 a12 a13 5a11 + 3a12 - 8a13 = 2
A =|Q1 Q2 QAz3|,{5a,1 +3a,; —8ay; =0

|31 A3z Asz3] \5a;; +3a3, —8az; =1
a11 3 8 4] [Q21 3 8
A2l = ¢ |-5|+ ¢ |0 +12],|%22| =c1|-5|+¢c, |0
(13 ] [ 0 151 131 [az3 0 5
azq [ 3] 8 2
32| = cq |—5|+ ¢, |0] + [5],all entries are nonzero.
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(a)

_[a Bl[a BI_10
A= [3a 3,8]’ [Sa 3[)’] [3] - [0]
a + 3 =0, a, B are arbitrary nonzero constants.
(b)

C(A) is a plane spanned by two vectors, which are orthogonal to (1,2,3).
x+2y+3z=0

X -2 -3
yl:c1 1|+c¢ 0]
z 0 1
=271 [-3 -2 -3
C(A)=span{[1],[0 },A= 1 O]
0 1 0 1

(©)
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“x+2y+3z=0
~A=[1 2 3]



(d)

1
N(A) = span {[—1” ,and A is an m by 3 matrix.
2

By rank — nullity theorem, dim N(A) + dim C(A) = 3,sodim C(A4) = 2.

The minimal value of m is 2.

X1 0
Suppose A [X2| = [0] and x5 is a free variable.
X3 0
2 —F
The nullspace matrixis N = | _ 1| = [ ]
> 1
1
1
1 0 —3
Thus, rref(4) = [, F] = 1
0 1 >

7.(10pts)
N(B)=C(A) - BA=0->ATBT =0

(1 1 1 1] 1 1 1 1 1 1 1 1
AT = 1 2 3 4 0 1 2 3 01 2 3
= - -
1 3 5 7 0o 2 4 6 0 0 0O
6 4 2 0l 0 -2 -4 -6 0 0 0O
[ 1 2
r_|—2 -=3|ray1 _ AT .
B! = 1 0 [ﬁ. = Xw, X is A" 's nullspace matrix.
| 0 1
_er_1 =2 1 0
B =X ‘[2 3 0 1]
8.(20pts)
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[1 0 a] [1 a O] [O 1 0] [1 a b

0 1 pI’l0 0 1I’lo0 0o 11'lo 0 O

0 1 aj[0 0 170 0 O .

[0 0 0] ) [0 0 0] , [0 0 O] ,aand b are arbitrary constants.

(c)

# 9 Gauss-Jordan elimination » ¥ 1/ #— m 5| n {7hiEd 41§ 5§ 97 HE
. R(eg.:R = [(1) 2 g]) » m Gauss-Jordan elimination P 3|8 & @ & - 4p
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