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1. (10pts) 

𝑆−1𝐴𝑆 = [
1 0
0 𝐷

]
−1

[𝑎 𝑏𝑇

0 𝐶
] [

1 0
0 𝐷

] = [
1 0
0 𝐷−1] [𝑎 𝑏𝑇

0 𝐶
] [

1 0
0 𝐷

] 

             = [𝑎 𝑏𝑇

0 𝐷−1𝐶
] [

1 0
0 𝐷

] = [𝑎 𝑏𝑇𝐷
0 𝐷−1𝐶𝐷

] 

 

2.(10pts) 

𝐴 = [
𝐼𝑛 𝑏

𝑐𝑇 1
] = [

𝐼𝑛 0

𝑐𝑇 1
] [

𝐼𝑛 𝑏

0 1 − 𝑐𝑇𝑏
] = [

𝐼𝑛 0

𝑐𝑇 1
] [

𝐼𝑛 0

0 1 − 𝑐𝑇𝑏
] [

𝐼𝑛 𝑏
0 1

] = 𝐿𝐷𝑈 

If there exists 𝐴−1, then 𝐴−1 = 𝑈−1𝐷−1𝐿−1, and 𝐷−1 = [
(𝐼𝑛)−1 0

0 (1 − 𝑐𝑇𝑏)−1] 

That is, 1 − 𝑐𝑇𝑏 ≠ 0 → 𝒄𝑻𝒃 ≠ 𝟏. 

 

𝐴−1 = [
𝐼𝑛 −𝑏
0 1

] [
𝐼𝑛 0

0 (1 − 𝑐𝑇𝑏)−1] [
𝐼𝑛 0

−𝑐𝑇 1
] = [

𝐼𝑛 −𝑏 ∗ (1 − 𝑐𝑇𝑏)−1

0 (1 − 𝑐𝑇𝑏)−1 ] [
𝐼𝑛 0

−𝑐𝑇 1
] 

         = [
𝐼𝑛+𝑏 ∗ (1 − 𝑐𝑇𝑏)−1 ∗ 𝑐𝑇 −𝑏 ∗ (1 − 𝑐𝑇𝑏)−1

(1 − 𝑐𝑇𝑏)−1 ∗ 𝑐𝑇 (1 − 𝑐𝑇𝑏)−1 ] , 𝑐𝑇𝑏 ≠ 1 

 

3.(10pts) 

(a) (0,0,0) ∉ 𝑆 

 

(b) (1,0,0) ∈ 𝑆, (0,1,1) ∈ 𝑆, but(1,0,0) + (0,1,1) = (1,1,1) ∉ 𝑆. 

 

(c) (−1,1,1) ∈ 𝑆, (−1,1,2) ∈ 𝑆, but(−1,1,1) + (−1)(−1,1,2) = (0,0, −1) ∉ 𝑆. 

 

(d) It is a subspace of ℝ3. 

 

(e) It is a subspace of ℝ3. 

 

 

 

 

 

 

 



4.(10pts) 

Let V = (𝑥1, 𝑥2, ⋯ , 𝑥𝑚) be a list vectors in ℝ𝑛.  

That is, span(V) = 𝑐1𝑥1 + 𝑐2𝑥2 + ⋯+ 𝑐𝑚𝑥𝑚  for some 𝑐1, 𝑐2, ⋯ , 𝑐𝑚 ∈ ℛ. 

 

𝟎 ∈ 𝐬𝐩𝐚𝐧(𝐕) when 𝑐1, 𝑐2,⋯ , 𝑐𝑚 = 0 

 

Suppose 𝑎, 𝑏 ∈ span(V) ,where 𝑎 = 𝑐1𝑥1 + 𝑐2𝑥2 + ⋯+ 𝑐𝑚𝑥𝑚, 

𝑏 = 𝑑1𝑥1 + 𝑑2𝑥2 + ⋯+ 𝑑𝑚𝑥𝑚 for  𝑐1, 𝑐2, ⋯ , 𝑐𝑚,  𝑑1, 𝑑2, ⋯ , 𝑑𝑚 ∈ ℛ 

and scalar λ ∈ ℛ. 

 

Where  𝒂 +  𝛌𝒃 = (𝑐1 +  λ𝑑1)𝑥1 + (𝑐2 +  λ𝑑2)𝑥2 + ⋯+ (𝑐𝑚 +  λ𝑑𝑚)𝑥𝑚 

                                    ∈ 𝐬𝐩𝐚𝐧(𝐕) 

 

Hence, span(V)is a subspace of ℝ𝑛. 

 

5.(15pts) 

(a) 

Let 𝐴 = [
𝑎 0 0
0 𝑏 0
0 0 𝑐

] , 𝐴 [
5
3

−8
] = [

2
0
1
] 

𝐴 =

[
 
 
 
 
2

5
0 0

0 0 0

0 0 −
1

8]
 
 
 
 

 

 

(b) 

𝑦 ∈ 𝑐𝑜𝑙(𝐴) 𝑎𝑛𝑑 𝑟𝑎𝑛𝑘(𝐴) = 1 

Let 𝐴 = [
2𝑎 2𝑏 2𝑐
0 0 0
𝑎 𝑏 𝑐

] , 5𝑎 + 3𝑏 − 8𝑐 = 1 → [
𝑎
𝑏
𝑐
] = 𝑐1 [

3
−5
0

] + 𝑐2 [
8
0
5
] + [

−2
1

−1
] 

 

(c) 

𝐴 = [

𝑎11 𝑎12 𝑎13

0 𝑎22 𝑎23

0 0 𝑎33

] , {
5𝑎11 + 3𝑎12 − 8𝑎13 = 2

3𝑎22 − 8𝑎23 = 0
−8𝑎33 = 1

      𝑎11, 𝑎22, 𝑎33 ≠ 0 

[

𝑎11

𝑎12

𝑎13

] = 𝑐1 [
3

−5
0

] + 𝑐2 [
8
0
5
] + [

4
2
3
],      [

𝑎22

𝑎23
] = 𝑐1 [

8
3
],      𝑎33 = −

1

8
 



(d) 

𝐴 = [

𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23

𝑎31 𝑎32 𝑎33

] , {

5𝑎11 + 3𝑎12 − 8𝑎13 = 2
5𝑎21 + 3𝑎22 − 8𝑎23 = 0
5𝑎31 + 3𝑎32 − 8𝑎33 = 1

 

[

𝑎11

𝑎12

𝑎13

] = 𝑐1 [
3

−5
0

] + 𝑐2 [
8
0
5
] + [

4
2
3
] , [

𝑎21

𝑎22

𝑎23

] = 𝑐1 [
3

−5
0

] + 𝑐2 [
8
0
5
] 

[

𝑎31

𝑎32

𝑎33

] = 𝑐1 [
3

−5
0

] + 𝑐2 [
8
0
5
] + [

2
5
3
] , all entries are nonzero. 

 

6.(15pts) 

(a) 

𝐴 = [
𝛼 𝛽
3𝛼 3𝛽

] , [
𝛼 𝛽
3𝛼 3𝛽

] [
1
3
] = [

0
0
] 

 𝛼 + 3𝛽 = 0, 𝛼, 𝛽 are arbitrary nonzero constants. 

 

(b) 

C(𝐴) is a plane spanned by two vectors, which are orthogonal to (1,2,3).   

𝑥 + 2𝑦 + 3𝑧 = 0 

[
𝑥
𝑦
𝑧
] = 𝑐1 [

−2
1
0

] + 𝑐2 [
−3
0
1

] 

C(𝐴) = span {[
−2
1
0

] , [
−3
0
1

]},  𝐴 = [
−2 −3
1 0
0 1

] 

 

(c) 

𝐴 = [𝑎 𝑏 𝑐], [𝑎 𝑏 𝑐] [
𝑥
𝑦
𝑧
] = 0 

∵ 𝑥 + 2𝑦 + 3𝑧 = 0 

∴ 𝐴 = [1 2 3] 

 

 

 

 

 

 



(d) 

N(𝐴) = span {[
1

−1
2

]} , and 𝐴 is an m by 3 matrix. 

By rank − nullity theorem, dim 𝑁(𝐴) + dim𝐶(𝐴) = 3, 𝑠𝑜 dim𝐶(𝐴) = 2. 

The minimal value of m is 2. 

Suppose 𝐴 [

𝑥1

𝑥2

𝑥3

] = [
0
0
0
]  and 𝑥3 is a free variable. 

The nullspace matrix is 𝑁 = [

1

2

−
1

2

1

] = [
−𝐹
1

]. 

Thus, rref(𝐴) = [𝐼2 𝐹] = [
1 0 −

1

2

0 1
1

2

] 

 

7.(10pts) 

𝑁(𝐵) = 𝐶(𝐴) → 𝐵𝐴 = 0 → 𝐴𝑇𝐵𝑇 = 0 

𝐴𝑇 = [

1 1 1 1
1 2 3 4
1 3 5 7
6 4 2 0

] → [

1 1 1 1
0 1 2 3
0 2 4 6
0 −2 −4 −6

] → [

1 1 1 1
0 1 2 3
0 0 0 0
0 0 0 0

] → [

1 0 −1 −2
0 1 2 3
0 0 0 0
0 0 0 0

] 

𝐵𝑇 = [

1 2
−2 −3
1 0
0 1

] [
𝛼
𝛽] = 𝑋𝜔, 𝑋 is 𝐴𝑇 ′𝑠 nullspace matrix.  

𝐵 = 𝑋𝑇 = [
1 −2 1 0
2 −3 0 1

] 

 

8.(20pts) 

(a) 

[
1 0
0 1
0 0

] , [
1 𝑎
0 0
0 0

] , [
0 1
0 0
0 0

] , [
0 0
0 0
0 0

] , a is an arbitrary constant. 

 

 

 

 



(b) 

[
1 0 𝑎
0 1 𝑏

] , [
1 𝑎 0
0 0 1

] , [
0 1 0
0 0 1

] , [
1 𝑎 𝑏
0 0 0

] 

[
0 1 𝑎
0 0 0

] , [
0 0 1
0 0 0

] , [
0 0 0
0 0 0

] , a and b are arbitrary constants. 

 

(c) 

藉由 Gauss-Jordan elimination，可以將一 m列 n行的矩陣 A化簡為簡約列梯矩

陣 R (e.g. : 𝑅 = [
1 0 3
0 1 5

])，而 Gauss-Jordan elimination則是從列運算而來。相

反地，可將簡約列梯矩陣 R經由適當的列運算轉換為原矩陣 A。 

 

(d) 

[

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

] 

 

(e) 

[
 
 
 
 
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0]

 
 
 
 

 


