2013 spring HW4
1.

(@) It is impossible.
Alisa3xnmatrix dimC(A)>2 dimN(A)>2 rank(A)<3
By rank-nullity: 3 > rank(A)=dimC(A)+dimN(A) >2+2 =4 &

11 1 111 1]/1
(b)A={1 0 O|or|0 1 1|whichC(A)andC(A")contains{|1|/ 0
1 00 011 1(|0
1 -1 1 1 -1
(c)A={1 -1| which C(A)hasbasis|1|> R={0 0| N:[ﬂ’ N(A) has basis {ﬂ
1 -1 1 0 0

(d) It is impossible.

A'is a mxn matrix whichn =3 > rank(A) <3

dimC(A) =dimC(AT)=1 dimN(A) =1

Suppose rank(A) =3

By rank-nullity: 3=rank(A) = dimC(A)+dimN(A) =1+1=2
(e)

* column space = row space .. A must be square (m =n)
= dimN(A)=n—-r= m-r=dimN(A")

For example, A=|~ ~|=AT R=|1 1| N(ay=span?| Ll =n(aT
or example, —L J— : {0 0}’ (A)=spa L} =N(A")

1 4 6 2 1 4 6 2 1 4 6 2
A=(157 3—=5/0 11 1|—=»/0 1 1 1
135 1 351 0 -1 -1 -1
1 4 2 10 2 -2
—f2 510 1 1|—=—>»/0 1 1 1|=R
00 000
(b)
2 2
-1 -1
110



(d)
If b € C(A),then Ax=Db is solvable.
1|(4 1 4
C(A)=span<|1||5|(f=>b=a|l|+p|5
13 1 3
(e)

Axp =b = Set free variable =0

X
Il
o N o

1
3|2 |=|11]|=x, =
l_

3.Matrix is mxn, rank=r

T2 111 14
M1 2|=r=1m=3n=2 (2)[2 ) 2}:wzl,m:2,n:3 (3)|2 5|=>r=2m=3n=2
1 2 3 6

1 3 5 1 3
4) =r=2m=2n=3 (5 =r=2,m=2n=2
2 4 6 2 4

@ (4)(5)

At least one solution < full row rank < r=m

(b) 3)(5)

At most one solution < full columnrank < r=n

© (3

Exactly one solution < fullrank < r=n=m

(d) (4)

oo solutions < r<n:>r=m

€ (MAE)

no solution forsomeb < r<m



4,
(@) rank(A) =n (. columns of A is linear independent)

(b)

- columns of Ais linear independent .. Reduced row echelon form of A is [%‘}

1110 0
0|1 0
C(AT)=spanq| . | | .| ... |.|t=R", N(A)={0}
0]1]0 1
(©em=n (- Ifm<n,columns of Ais linearly dependent)

(d) No
If m > n =rank(A), it could be zero or one solution.
= Ax=Db is not always solvable.
(e)Yes
N(A)={0} imply it is uniqueness.

o))

a; a, a3 8y
Suppose A=l a, 8, 8y day

a31 a32 a33 a34

o1 ]
0 a;; a;p ag
A 0 =2 |= A= Ay Ay Ay
1 L ¥ ] _a31 dz, Adg
S ]
0 -1 d;, A
A ol” O|=A=|-2 a, ay
1 LY _'3 dzp Qg
o1 )
| [ 12 ag
A =|0|=>A=|-2 4 a
0 23
o L0 -3 6 ay
S ]
1 0 -1 2 -1 1
A L =|0|=>A=|-2 4 -2 2
ol Lo 3 6 3 3



6.

1 2 0 -12 4 5 5 10 9 3211 0 O
[R E]=|0 0 1 31 2 -3|>|-1 -2 2 710 1 0|=[A 1]
0 00 001 1 1 2 -2 -70 01
(a)
5179 1110
T T 2 O
C(A)=span{-1] {2]} C(A')=C(R") =span oll1
111]-2
1113
2 1 2111
N = 10 , N(A) =span 11O
0 -3 0f]-3
0 1 0|1
2 4 5||5 10 9 -32 1 20 -1 0
EAzR{l 2 -3“-1 2 2 7}[0 01 3}’ N(A") =span {1]
01 11 2 -2 -7 0 00O 1

5/ [-9] |1
' 20-1]+| 2 |=|0|eC(A) ..Itissolvable.
1] (-2| |0

()
0
1} ¢ C(A) ..lItis notsolvable.
0
(d)
{A A} {A A} {R R}
- - = Rank =2
A A 0 0 0 0
1.
(a)False
1 11 111 111
A{Z 2 2]’8{1 1 1]’ RARB{O 0 0}’ ButC(A) = C(B)
3 33 111 0 00
(b)True

C(A")=C(R,")=C(R,") =C(B")



(c)False

HHES RS HEN

A= » Af = "N, = #  [=N_,
00 00 0 b A
(d)True

Ais invertible = A is full rank = N(A)={0}
Ais invertible = A? is invertible = A? is full rank = N(A*)={0}
- N(A)=N(A*)={0}

(€)True

Suppose A =0

= Reduced row echelon form of A won't be 0

= Rank(A) =0

.. If Rank(A)=0,then A=0

8.

(a)

B=EA - E is invertible = A=E'B

=a,=E™b, =E™(cb, +c,b, +---+c b)) =cE'b, +C,E'D, +---+C E'b, =ca, +c,a,+-+Ca,
(b) No

10 11 11
Counter example:E= v A= » B=
10 01 11

1
b,=cb, +¢,b, = L} <c =0c,=1

1 1
=a, = 0 #Ca,+Ca,=2a, = 1

()
5 10 9 -32
A=-1 2 2 7
1 2 -2 -7
a,=2a,

a, =-a, +3a,



