Linear Algebra
Problem Set 4 Solution Spring 2015
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(b) |0 1 1| ,C(A)=span{|0|,|1|}, C(AN)=span{|0|,| 1|}
01 1 0l |1 0l |1
1 1 1] [o
1|e C(AT"), because |1| = |0|+|1
1 1 o| |1

(c) impossible, the matrix is 3 by 2, by rank-nullity theorem, n = rank + nullity.
rank >1,dimN >2, rank + nullity>3 =2

(d) impossible, the matrix ismby 3, n=3.
Row space has basis [1 0 0] = rank =1.

nullspace has basis[111]" = dimN =1.
by rank-nullity theorem, rank+ dimN=1+1=2 =n

11 1
(€) [1 1]C(A) =Span{H }=R(A)

R= [1 1] N(A) = span{{_ll}} - N(AT)
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(b)

(©)

(d)
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-1 2
y -2 +_1ﬂ
= a
1 0
0 1
-1 2 -1 2
-2| -1 -2 -1
N(A) = span : , nullspace matrix of A=
(A)=span{| .| |} nullsp 1 0
0 1 0 1
12 500N 1 250 b
augmented matrix (1 3 7 1 b,|=|1 3 7 1 b,
1 3 71D 0 0 00 by—bh,
1 250 b
=|0 1 21 b,—-Db
0 0 00 by-h,
if Ax=b is consistent, then b,—b, =0, b, =b,.
Ax, =b = set free varible to be 0.
X X X
' ' 8 12 50]"
X2 X2 X2
Xp = , A = 11| ,1 3 71 =11
0 0 0
11 1371 11
0 0 0
=
X1+2X2=8

X1+ 33X, =11 = X1=2, Xo =3.
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X=Xn + X 2 + - B+ 3
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3.(10pts)
First find row echelon form of each matrix
111 (11 1]
1) ,rank=2,m=2,n=3. (2) ,rank=1, m=2,n=3.
012 0 0 0]
1 2 1 2 1]
(3 |0 -2| ,rank=2,m=3,n=2, 4) 1, rank=2,m=3,n=3.
00 0 0 0
1 3
(5) ,rank=2,m=2,n=2.
0 -2
(@ (1)(5), Atleastone solution foreveryb < full rowrank <r=m
(b) (3)(5), Atmostone solution for every b < full column rank<r=n
(©) (5), Exactly one solution for every b < full rank<r=n=m
(@ (@), Infinite many solutions for every b<r<n,r=m
(&) (2)(3)(4), No solution for some b<>r<m
4.(15pts)
(@ rank(A)=m.
(b)

could be write as [Im |0] , C(A) = span{ 0 :

(©)

Because the rows of A are linearly independent, reduced row echelon form of A

110 0

! ? }= R™, N(A") = {0}.

010 1

n>m(If n <m, rows of A are linearly dependent)



(d)
Yes, rank(A) = m.
(e)
No, N(A) is not always = {0}, the solution is not necessarily unique.

()
Yes

9)
No

5.(10pts)
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6.(15pts)

(a)
-1 5 2 -1 -11 8
LetB=1]0 1 2|,B'=|0 -3 2
0 2 3 0 2 -1

-1 -2 -11 -45 1 0 0
BYfA 1,]=|0 0 -3 -12 010
O 0 2 8 001

-1 -2 -11 -45
= A=|0 0 -3 -12
0 O 2 8

(b)
-1 0
1/]11 5 0
C(A =span{[0,| 3 |hRA) =span{| " || " |}
0| ]-2
—-45] | -12
X, =—2X, — X,
Xy =—4X,
-2 -1
1 0
N(A)=span ,
(Wy=span{| .| _, |}
0 1
-1 0 0 1 0 0
|1 -2 0 0 0 0 O
A= =
-11 -3 2 0 -3 2
-45 -12 8 0 0 O
X, =0
—3X, =—2X,
0

N(A")=span{| 2 |}
3



-1]|-11
The basis for column space of A={| 0 |,| -3 |},

0 2
-11]]0
. -2110
the basis for row space of A ={ J. 1 h
-11( |1
—45] |4
-2 -1
. 1 0
the basis for nullspace of A = { ol'l_4 +
|0 1
0
the basis for left nullspace of A={| 2 |}
3

(©)

No, |1|2C(A)

(d)

1
Yes, |0|eC(A)
0



7.(15pts)

(@ B=EA, Eisinvertible = A=E'B

=a

i = E_lbj = E_l(C1b1+ coby + oo

Ciay*Codt:-++Chan

(b) NO

10 11 11
Counter example:E= VA= , B =
10 01 11

1
b, =c1by + by :L} Letc;=0,co=1

a; = L #C1ad1+Coadp = a2 = .
j— +
1 0 1d1 242 2 l

-1 -2 -11 -45

(cc A=|0 0 -3 -12
0o 0 2 8
8.2:2&1
as = 4az +a;
8.(10pts)
(@) False
111 111 111
A={2 2 2|,B=|1 1 1|,Ra=Rg=(0 0 O
3 33 111 0 0O
(b) True
C(A")=C(Ra") =C(Rs") =C(B")
(c) False

+ Cnbn) = ClE-lbl + CzE-lbz + .-

+ c,Elb, =

,ButC(A) =C(B).

101 , 00 _ 1 2 1110
A= [0 O]A = [0 O]N(A)—span{{o}}, N(A)—span{[o]{l}}



(d) True
Ais invertible = Ais full rank= N(A)={0}
If Ais invertible ,det(A)= 0
det(A?) = det(A)det(A) =0
— A%is invertible= A? is full rank = N(A%={0}
N(A) = N(A?%)

(e) Flase
5 -3 2 0 00
LetA= (15 -9 6|, A>= |0 0 O
10 -6 4 0 00

rank(A%) =0, A= 0.



