Linear Algebra

Problem Set 4 Solution Spring 2016
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(@) Ahasnindependent columns,rank(4) = n

(b) n < m. (if m < n,rows of A are linearly independent)

© lo(m n)xnl

(d) R(4) = span{[1,0,---,0],[0,1,--,0],---,[0,0,---,1]} = R™
N(4) = {0}

(e) dimC(A) =rank(4) =n
(f) dimN(4AT) = m —rank(47) =m —n

(g) False, Ais full column rank, it has zero or one solution.



(h) Let Ax; = b,Ax, = b,and x; # x,.
Ax; — Axy; = A(x; — x3) =0
A is full column rank, so N(4) = {0}.
Thatis, x; — x, = 0.Itis contradiction.

Hence, the answer is unique.

(i) B = AT (4AT)
rank(4AT) = rank(4) = n
When m # n, it doesn’t exist (AAT) ™1, hence, B doesn’t exist.

() B = (ATA)~1AT
rank(ATA) = rank(4) = n
There exists (ATA)~! let A has a left inverse B.
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(a)

Suppose x € N(4)

Ax =0, A(Ax) =A-0- A%?x =0 - x € N(4?)
~ N(4) € N(4?) - not necessarily equal.

- N(4) S N(42) € N(43) ...

(b)

Suppose y € C(4¥)

Akx =y > A 1(Ax) =y - y € C(4F D)
~ C(AF 1 2 ¢4

- C(4) 2C(4%>) 2Cc?)..2c4H

(©)

N(4?) = N(4%)

Suppose x € N(4*)

A*x =0 - A3(Ax) = 0 > Ax € N(43) = N(4?)
That is, A>(Ax) = A3x = 0 - x € N(43)

~ N(43) = N4H



5.(5pts)

¢ = [3]
Suppose x € N(C)
om0 A= (2] =0

N(C) = N(4) N N(B)
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Columns of Aand Bare linearly independent, so N(4)=0, N(5)=0.
Suppose (AB)x = 0 —» A(Bx) = 0, hence x must be zero.

That is, columns of AR are linearly independent.

7.(5pts)
u, v,w are linearly independent vectors.

ciu+cv+c3w=0,(c; =c, =c3=0)

du+d,(u+v)+ds(ut+v+w)=0

> (di+dy+dy)u+(d, +d3)v+dsw=0
-dy=d,=d3=0

u,u + v,u + v + w are linearly independent vectors.
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B and C are invertible matrix, so columns of them are linearly independent .

(a)

Suppose xeN(4B),ABx = 0

Because columns of A4 are linearly independent, so it exists left inverse A’.
AABx=0->Bx=0->B 'Bx=0->x=0

Hence, columns of AB are linearly independent.

(b)
Suppose xeN(CA),CAx =0
ClCAx=0->Ax=0->x=0

Hence, columns of CA are linearly independent.



