Solution to Problem Set 5
1.
(a)
Suppose X =civi+ Cv2 + -+ Civa  and X =divi + dovz +
By subtraction (c1 — di)vi + (c2- d2)va + *=-.(Ca - do)Va= 0
From the independence of the v s, eachci - di=0
Hence ci= di , and there are not two ways to produce v

(b)
Suppose CIAV: + CAV2 + ..+ GAVa =0

n
—A> ¢V, =0
i=1
" For any A, A has inverse

n
Sy ey =0
i=1
—c=0=.=0
—Avi,Avz... Ava is also a basis for R

2.

(@)

B=EA

— A=E'B

— a=E"b;

Ifby=cibi+ cob2 + ... + Cibu

a=E'(chit+cbe+ ... + cibw)
=Ci(E'1) + c2(E'b2) + ... + c(E 'ba)

=Cid1 + C2d2 + ... + Cnln

(b)
150 2

LetR= |0 0 1-3| = [a, &, &, a,]
0 00O

Ta=5xa

=2 X aa+(3) X a
". a2 and as are linear combination of a1 and as

ot dova
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Counterexample
11 1 0|1 1 b1 b but . a
= = ), u

0 0| |0 0]/0 1 2 a7 &

3.
1-230 -2

The reduced row echelon foormof Ais {0 0 0 1 3
0000 O

— Hrom the reduced row echelon form , we can get the row space and the null space of A.
cospan{[1-230-2]",[000 1 3]} is the row space

-3 2]

o O

— the nullspace matrix 1s

w

1

O O O, N

o O +» O

.span {[21000],[-30100]",[200-3 17"} is the null space
To find the column space and the left column space , we recover A first.

111
A = E x (row echelon formof A)and s=Ex |2 3 3
110
1117 [3-10
—-E=1233]| =3 1
110 1 0-1

3 -6 9 -1 -9
.. A=Ex (row echelon formof A)= |-3 6 -9 1 9
1-2 3 0 -2

"." The row operation doesn” t change the relation between the columns of A
—column:= column: x (-2)
columns= columni X 3
columns = column: X (-2) + columns X 3
cospan {[3-31],[ -1 1 0]'} is the column space of A
""E'%x A =(row echelon form of A)



111 3 -6 9 -1 -9 1-230 -2
—>1233| x|-3 6-9 1 9, =/0001 3
110 1-2 3 0 -2 0000 O

We focus on the zero row of echelon form of A

3 -6 9 -1 -9
—[110]x [-3 6 -9 1 9| =0
1-2 3 0 -2

—[110]" € the left null space of A

We know that the dimention of left null space = the number of rows - rank , and
rank(A)=2

— the dimention of left null space = 1

Cospan{[1 1 0]"} is the left null space

4

(a)

A subspace in R* = {x=[x: xixi x1]' | x € RY}

— Any vectors in this subspace are [x1 x: xixi] = xi[1 11 1]

—>X118 any constant , so the vectors in this subspace are the linear combinations of [ 1 1 1
17, .. Thebasisis{[111 1]

(b)

A subspace inR*= {x = [xi xe xsxa]" | X1+ o4 xs+ 4= 0, x € R"}
—letxe=C,x:=Cy, x3=Cs, x«=Cs and C, C,Cs € R
—=x1=-C-C - Cs

-1 -1 -1

1 0 0
—=x=C 0 +C 1 +Gs 0

0 0 1

—x is the linear combination of {[-11007]",[-10107,[-100 1]}
. Thebasisis {[-1100],[-10107,[-1001]"}

©

Letw=[1110"andw=[1011]"

AsubspaceinR' = {x=[x xx s x4]' Ixw=xw=0,x € R"}
—We can rewrite the relation between X, urand uz as



11
10
[X X, X X,] L1 =0
01
11
. . 10
—This subspace 1s equal to the left null space of 11
01
-1-1
, 1 0
—The left nullspace matrix = 0 1
1 0
S.The basisis {[-11017,[-101071"}

(d)

AsubspaceinR'={x=[abcd] la=bandc=d,x € R}
—x=[abcd] =[aacc]'=ax[1100]+cx[0011]
. Thebasisis{ [1100],[001117"}

5.

(a)
1

From nullspace basis | 0| in R’
0

—The number of columns 1s 3 = rank + Dimention of null space
But dim(N) =1, dim(C) = 1

—rank + Dimention of null space =2 # 3

—This matrix 1S impossible

(d)
10
Ans:|2 O
01

The column space is span{[ 12 01", [ 00 1]} which contains {{1201",[0021]}
The row space is span{[ 1 0", [0 1]'} which contains {[ 121 ,[347]"}
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JNERE:
ns.lz

Dimension of column space = dimension of nullspace = 1

(d)
11
[1 ﬂ{a b}=O
— a=-1,b=-1
2]
Ans :
-1 -1
e

Row space = column space — The matrix must be square
—Dimention of null space = the number of columns - rank

Dimention of left null space = the number of rows - rank

But the matrix 1s square and dimention of column space = dimention of row space.
.".This matrix 1s impossible

6.

(a)

dim N(A) = 1 (There 1s one homogeneous solution)
It 1s obvious that A 1s 4 by 3.

From the rank theorem , rank(A) = n- dim N(A) =2

(b)

Since dim C(A) = rank(A) = 2, a basis for the column space of A contains two vector.
" Ax=[222271"issovable ..[2222] isin C(A)

" Ax=[221171"1issovable ..[22 1171 isin C(A)
—basis of C(A)={[2222] ,[2211]")}
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We know that N(A) = 1
1

Recall the method of finding N(A) from the reduced echelon form of A.
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.. Wecan get A ~
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