Linear Algebra
Problem Set 5 Solution
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01, let x3=c, X1 = -X3, X3 = -X3,
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- , rank(T) = 2.
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N(T) = {0}, the bases for nullspace of T is {0}.

R(T) = span{ B}[_ll} }, the bases for range of T is {B}{_ll} 3.
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1 0 X, 1 0
X
O{ 1}: X, | ,the standard matrix of Tis |1 0].
X
0 177 [x, 0 1
1 o] [1r o0
0|—>|0 1], rank(T)=2.
10 1] 0 0
N(T) = {0}, the bases for nullspace of T is {0 }.
11(0 1[0
R(T)=span{|1|,| 0|}, the bases for range of Tis {|1|,| 0 |}.
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2.(20pts)
(a)

T is one to one — N(T) = {0}
= dim(V) = dim(N(T)) + dim(R(T)), dim(R(T)) = rank(T)
=>n=0+r > n=r<m
(b)
T maps V onto W,
= R(T) = W=dim(R(T)) = dim(W).
= dim(R(T)) =rank(T),r= m<n
(c)
From (a) and (b), if T is one to one and T maps V onto W
= n=r<m andr= m<n
= n=r=m
(d)
rank(T) = dim(R(T)), r = n - nullity(T)
=>m>r, n>r



3.(15pts)

(2)

True.

Letx=c;vitcova+c3vz#£0
T(x)=T(civi+cavatcsvs)=ciT(vy) +caT(vy) +¢3T(v3) =0
because T(x) =0, T(v;) =T(v2) =T(v3) =0.

= ¢y, ¢y, c3is not always 0

= {T(v1), T(v2),T(v3)} is linearly dependent.

(b) True.
{v1, v2, v3} is linearly dependent
= Let v =c,vy + c3v3, where ¢,# 0 and ¢3# 0.
T is a linear transform
=T(v1) =T(c2va + c3v3) =c2T(v2) + ¢3T(v3) ,where ¢c,# 0 and c3# 0.
=T(v)) is a linear combination of T(v,) and T(v3) .
= {T(v1), T(v2), T(v3)} is linearly dependent.
(c) False
1 0 1
for counter example, letu= [0|,v= [0|,w= [0
0 1 1
{u,v}, {v,w}, {u,w} is linearly independent
but{u, v, w} is not linearly independent(w =u + v)
4.(10pts)
(a)

p(t) = c1pi(t)teapa(t)tespa(t) = (c1+eates) + (ca2e3)t + (e3)t
=2+t+3¢
= citeptes =2,¢ct2¢3=1,¢c3 =3.

=c1=4,¢c,=-5,c3=3
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(b)

Suppose basis = {1, t, t}

pi)=1+t= [101]

pa()=1+t+2t =[112]

ps()=2+t+3t =[213]

[213]=[101]+[112] = pi(t), p2(t) and p3(t) are linearly dependent.

5.(10pts)
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o[ [ [

a=civitcovy, = c¢c1-c2=1l,c1+tcy=3 = ¢c1=2,c,=1

T(a) = T(2V1)+T(V2) = 2T(V1) + T(Vz) = [;}

Letb=T(x,y) = F} up = {1} up = [3}
s 2 |4

b=c,u, +c,u,, ¢, +3c, =3, 2¢;+4c,=5= c,=15, ¢,=0.5
b=T(x,y) = 1.5u; +0.5u, = 1.5T(1,1) +0.5T(-1,1) = T(1.5,1.5)+T(-0.5,0.5)
=T(1, 2)

=>x=1,y=2
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(d)

(e)

L0 R /1

b1 =51 t8S; ,bz =-§1+tS = §; :O.S(bl—bz), Sy, = 05(b1+b2)

3
[X]S = |:5:| =3s; + 55, = 1.5(b;-by) + 2.5(b;+by) =4b; + b,

[S]B : Change basis from S to B(S respect to the basis B)
[B]S ¢ Change basis from B to S(B respect to the basis S)
[T (S)]S . Linear transform T respect to the basis S
[T(B)]B . Linear transform T respect to the basis B

B=S[B]; (change basis from B to S)

b o e = e ]

S=B[S], (change basis from S to B)

o e s Ee ]

[B] R*—®k yR> [B]

According to the Change-of-coordinate matrix above,
The path [T(B)]B is equal to [B]; — [T~ [S], ,which means

T®)],=[s], [T(S)], [B]SZB —T {—1 2} [1 _1} )

1] -1 3|1 1

=W
N[ =N
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(a)

{F O} {O 1} {O O} {O 0}}
LetS = R , 5 ={V,V,,V5,V, }
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(b)

bl
2 2 5.1 5 1 b,
T(b) = Ab = = Zb+=b == 0 = 0
(1) 1 |:3 3:| 21 3 |:2 2 :|b3
b,
bl
-2 2 5. 1 5 1](b,
T(b,) = Ab, = = Zb,-—b, = |0 = 0 ——=
®.) ’ {—3 3} 27 2 { 2 2}b3
b,
bl
00 1, 1 1 1 b,
T(b,) = Ab, = = —b+=b, == 0 = 0
(3) 3 |:1 1j| 21 3 |:2 2 :|b3
b,
bl
0 0 1 1 1 1](b,
T, = Ab, = = ——b,+=b, =|0 —— 0 =
(4) 4 |:1 _1:| 2 24|: 2 2:| b3
b,
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method 2: As the same procedure in 5.(e)
1 -1 -1 -17'T1 o 1 o]f1 -1
1 1 -1 1|01 0 1|[1 1
TB)],=[s]; [T(9)] [B]s=
r®k=Blr®kEBL=, | | 11| o5 olli .
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