
Linear Algebra 

Problem Set 5 Solution           Spring 2015 

 

1.(15pts) 

 

(a) 

  , the standard matrix of T is . 
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 , rank(T) = 2. 
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 N(T) = {0}, the bases for nullspace of T is {0}. 

 is { }. 

(b) 

, the standard matrix of T is 

 , rank(T) = 2. 

= , let x3=c, x1 = -x3, x2 3 =c

 N(T) =span{ }, the bases for nullspace of T is { }. 

}. 

 

 

 

 R(T) = span{ 
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 R(T) = span{ 


}, the bases for range of T is {
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(c) 

, the standard matrix of T is 

 N(T) = {0}, the bases for nullspace of T is {0 }. 

 R(T) = span{ }, the bases for range of T is { }. 

2.(20pts) 

(a) 

 T is one to one → N(T) = {0} 

(V) = dim(N(T)) + dim(R(T)), dim(R(T)) = rank(T) 

n = 0 + r → n = 
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  rank(T) = 2. 
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(b) 

 T maps V onto W,  

 R(T) = Wdim(R(T)) = dim(W). 
  dim(R(T)) = rank  =(T), r  nm   
(c) 

 From (a) and (b), if T is one to one and T maps V onto W 

  n = mr  and r = nm   
  n = r = m 
(d) 

 rank(T) = dim(R(T)), r = n - nullity(T) 

rm  n  r ,  
 

 

 

 

 

 

 



3.(15pts) 

) True. 

Let x = c1v1 + c2v2 + c3v3 ≠ 0 

T(c1v1 + c2v2 + c3v3) = c1T(v1) + c2T(v2) + c3T(v3) = 0 

because T(x) =0, T(v1) = T(v2) = T(v3) = 0. 

2, c3 is not always 0 

linearly dependent. 

2≠ 0 and c3≠ 0. 

T i

) = T(c2v2 + c3v3) = c2T(v2) + c3T(v3) ,where c2≠ 0 and c3≠ 0. 

f T(v2) and T(v3) . 

. 

for

 {u,v}, {v,w}, {u,w} is linearly independent 

dep t(w ) 

 

4.(10pts) 

a) 

p(t) = c1p1(t)+c2p2(t)+c3p3(t) = (c1+c2+c3) + (c2+2c3)t + (c3)t2
 

 2 + t + 3t2 

 c1+c2+c3  = 2, c2+2c3 = 1, c3 = 3. 

1 = 4, c2= -5, c3 = 3 

 

 

 

 

(a

 

 T(x) = 

 

   c1, c

   {T(v1) , T(v2) , T(v3)} is 

(b) True. 

 {v1, v2, v3} is linearly dependent 

 Let v1 = c2v2 + c3v3, where c
 s a linear transform 

 T(v1

 T(v1) is a linear combination o

 {T(v1) , T(v2) , T(v3)} is linearly dependent
(c) False 

  counter example, let u = 0 , v = 0 , w = 0
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 but{u, v, w} is not linearly in enden = u + v

 

(
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 [p(t)]  = 5  
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(b) 

Suppose basis = {1, t, t2} 

p1(t) = 1 + t2 [1 0 1] 

p2(t) = 1 + t + 2t2 [1 1 2] 

p3(t) = 2 + t + 3t3 [2 1 3] 

 p1(t), p2(t) and p3(t) are linearly dependent. 

) 

Let a = , v1 = , v2 = 

a = c1v1 + c2v2   c1 - c2 =1, c1 + c2 = 3  c1 = 2 , c2 = 1 

T(a) = T(2v1)+T(v2) = 2T(v1) + T(v2) = 

) 

 Let b = T(x,y) = , u  = , u  = 

 b =

 

    

 
 
 [2 1 3] = [1 0 1] + [1 1 2] 
 

5.(10pts) 
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2413 ucuc  , 33 43  cc , 542 43  cc   3c = 1.5, = 0.5 

0.5T -1,1) = T(1.5,1.5)+T(-0.5,0.5) 

  =T(1, 2) 

x = 1, y = 2 

(c) 

 T

 

 

 

 

 

4c

 b = T(x,y) = 1.5u1 + 0.5u2 = 1.5T(1,1) + (
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(d) 

 Let S =  = {s1, s2}, B =  = {b1, b2} 

b1 = s1 + s2 ,b2 = -s1 + s2  s1 =0.5(b1-b2), s2 = 0.5(b1+b2) 

  =  = 3s1 + 5s2 = 1.5(b1-b2) + 2.5(b1+b2) = 4b1 + b2  

 =

) 

：Change basis from S to B(S respect to the basis B) 

：Change basis from B to S(B respect to the basis S) 

 ：Linear transform T respect to the basis S 

Linear tr t to the bas
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 BS 

 SB   

 SST )(

  BBT )( ： ansform T respec is B 

 B=S  SB  (change basis from B to S) 
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 S= B (change basis from S to B)  

 =      

SB = 
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  ][] 2)(2 SRRS SST  [

   S BS    

According to the Change-of-coordinate matrix above, 

ath
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  ][] 2)(2 BRR BBT  

 

→   BS The p   BBT )(  is equal to  SB →  SST )( ,which means 

 BT )( =  B  ST )(  S =  =  S B
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6.(10pts) 

(a) 

 =  ={ } 

1Av  = 3v

 Let S 
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(b) 

B  ={ } 

 )( 1bT  = 1Ab  =  = 

 Let  =
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 method 2: As the same procedure in 5.(e) 

  BBT )( =   BS  SST )(  SB =
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