Linear Algebra
Problem Set 5 Solution Spring 2016

1. (20pts)
(a)
T: R! - RY, xeR?, n is a real number.

{T(x) = 0x = 0, the graph is a point.
T(x) = nx, the graph is a line pass through the origin.

(b)
T:R? » R, x = [2] €RZ,

T(x) = Ax = [a1 az]x. a4, a, are real numbers.

{T(x) = [0 0]x = 0, the graph is a point.
T(x) =[a1 az2]x = a;x; + a,x,, the graph is a plane pass through the origin.

(c)

x1,%, € x,T:R3 - R!

Txy))=v-x; Tlxy)=v-x,

T(x, +axy) =v-(x; +axy) =v-x; +v-ax, = T(x;) + aT(x,) — itis linear.

Tx)=v-x=vix=[3 2 4]x

(d)

xy,%; € x,T:R3 - R3

T(x) =x Xy T(x) =x, Xy

T(, +axy) = (x; +axy) Xy =x; Xy +a(x, Xy) =T(x;) +aT(x,) — itis linear.

X2Y3 — X3Y> 0 Y3 —Y2][*1
T)=xxy=|X3Y1—X1Y3|=|-ys 0 y [[*2
X1Y2 — X2)1 Yo =W 0 1llx3



2.(20pts)
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From 2(c), projection matrix P is ,and reflection matrix R.

3/10 1/10
4/5 3/5

Rx = 2Px — Ix = 3/5 _4/5



3.(20pts)
(@)True
Ais one — to — one,ker(4) = N(A) = {0}, rank(4) = n.

(b)True
A is full column rank, that is, AT is full row rank, rank(A”) = n. Hence, AT maps R™ onto R".

(c)True
C(A) = R™, rank(A) = m.

(d)True
rank(A) = m = n, it is nonsigular.

(e)True
A is full column rank, rank(A4) = n, A is one — to — one.

(P True
A is full row rank, rank(A) = m. Hence, A maps R" onto R™,

(9)True
rank(A) = rank(ATA) = n,so AT A is full rank, it is isomorphism.

(h)False
AAT is an m X m matrix, rank(A) = rank(4AT) = n.
AAT can't be sure full rank and isomorphism.

(i)False
AT A is an n X n matrix, rank(A4) = rank(4ATA) = m.

AT A can't be sure full rank and isomorphism.

(1) True

rank(A) = rank(AAT) = m,so AAT is full rank, it is isomorphism.



4.(25pts)
(a)

e=[3]=7[] -]~ =[]

(b)
x = Blx]g = BT(x)

w=pe=fl M e=[2 s

(©)
x =ylxl, = Blxlg

p=ve=[ ol 11 =0 2

(d)

Let B = {x, x5}

- pip =0} 2= [} 3] 2] )
(€)

From 2(d), we know reflection matrix T is ;};2 _34//55
Letf = [Ccl Z

0 = Bl =18 =[50 >0 s
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5.(15pts)

v, V,, V3 are perpendicular unit vectors in R3.

(a)
1 0 O
T(x) =x—2(W3 x)v3 =x —2v3(v3-x) =x — 2v3v37x = (I — 2v3v3T)x={0 1 O |x
0 0 -1
(b)
1 0 0
Tx) =x—2(W; x)v, =x —2v,(vy " x) =x = 20,0, T x = = 2v,v;)x=|-2 1 0fx
0 0 1
()
V3 =1 sz,vl =7, Xv3
Tx) =v, Xx+ Wy x)v; = (U, X V3) Xx + 0, 7x = —x X (v, X V3) +vy0; %

1 0 O
= —[v,(v3 x) —v3(Vy - )] + Vv x = (V3v,T — VT + v Dx = [0 0 —1] X
0 1 0



