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1. (20pts) 

(a) 

T: ℝ1 → ℝ1, 𝑥𝜖ℝ1, n is a real number. 

{
T(𝑥) = 0𝑥 = 0, the graph is a point.

T(𝑥) = n𝑥, the graph is a line pass through the origin.
 

 

(b) 

T: ℝ2 → ℝ1, 𝑥 = [
𝑥1

𝑥2
] 𝜖ℝ2. 

T(𝑥) = 𝐴𝑥 = [𝑎1 𝑎2]𝑥.  𝑎1, 𝑎2 are real numbers. 

{
T(𝑥) = [0 0]𝑥 = 0, the graph is a point.

T(𝑥) = [𝑎1 𝑎2]𝑥 = 𝑎1𝑥1 + 𝑎2𝑥2, the graph is a plane pass through the origin.
 

 

(c) 

𝑥1, 𝑥2 ∈ 𝑥, T: ℝ3 → ℝ1 

T(𝑥1) = 𝑣 ∙ 𝑥1  T(𝑥2) = 𝑣 ∙ 𝑥2 

T(𝑥1 + 𝑎𝑥2) = 𝑣 ∙ (𝑥1 + 𝑎𝑥2) = 𝑣 ∙ 𝑥1 + 𝑣 ∙ 𝑎𝑥2 = T(𝑥1) + 𝑎T(𝑥2) → it is linear. 

 

T(𝑥) = 𝑣 ∙ 𝑥 = 𝑣𝑇𝑥 = [3 2 4]𝑥 

 

(d) 

𝑥1, 𝑥2 ∈ 𝑥, T: ℝ3 → ℝ3 

T(𝑥1) = 𝑥1 × 𝑦  T(𝑥2) = 𝑥2 × 𝑦 

T(𝑥1 + 𝑎𝑥2) = (𝑥1 + 𝑎𝑥2) × 𝑦 = 𝑥1 × 𝑦 + 𝑎(𝑥2 × 𝑦) = T(𝑥1) + 𝑎T(𝑥2) → it is linear. 

 

T(𝑥) = 𝑥 × 𝑦 = [

𝑥2𝑦3 − 𝑥3𝑦2

𝑥3𝑦1 − 𝑥1𝑦3

𝑥1𝑦2 − 𝑥2𝑦1

] = [

0 𝑦3 −𝑦2

−𝑦3 0 𝑦1

𝑦2 −𝑦1 0
] [

𝑥1

𝑥2

𝑥3

] 

 

 

 

 

 

 

 



2.(20pts) 

(a) 

T ([

𝑥1

𝑥2

⋮
𝑥𝑛

]) = T ([

𝑥1

0
⋮
0

] + [

0
𝑥2

⋮
0

] + ⋯ + [

0
0
⋮

𝑥𝑛

]) = T ([

𝑥1

0
⋮
0

]) + T ([

0
𝑥2

⋮
0

]) + ⋯ + T ([

0
0
⋮

𝑥𝑛

]) 

                    = 𝑥1T ([

1
0
⋮
0

]) + 𝑥2T ([

0
1
⋮
0

]) + ⋯ + 𝑥𝑛T ([

0
0
⋮
1

]) 

 

(b) 

T ([
𝑥1

𝑥2
]) = 𝑥1T ([

1
0

]) + 𝑥2T ([
0
1

]) = 𝑥1 [
𝑐𝑜𝑠𝜃
𝑠𝑖𝑛𝜃

] + 𝑥2 [
−𝑠𝑖𝑛𝜃
𝑐𝑜𝑠𝜃

] = [
𝑐𝑜𝑠𝜃 −𝑠𝑖𝑛𝜃
𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

] [
𝑥1

𝑥2
] 

 
 

(c) 

T ([
1
0

]) =
[
1
0

]
𝑇

[
3
1

]

(√10)
2 [

3
1

] = [
9 10⁄

3 10⁄
] , T ([

0
1

]) =
[
0
1

]
𝑇

[
3
1

]

(√10)
2 [

3
1

] = [
3 10⁄

1 10⁄
] 

T ([
𝑥1

𝑥2
]) = [

9 10⁄ 3 10⁄

3 10⁄ 1 10⁄
] [

𝑥1

𝑥2
] 

 

(d) 

From 2(c), projection matrix 𝑃 is [
9 10⁄ 3 10⁄

3 10⁄ 1 10⁄
] , and reflection matrix 𝑅. 

𝑅𝑥 = 2𝑃𝑥 − 𝐼𝑥 = [
4 5⁄ 3 5⁄

3 5⁄ −4 5⁄
] 𝑥 

 

 

 

 



3.(20pts) 

(a)True 

𝐴 is one − to − one, ker(𝐴) = N(𝐴) = {0}, 𝑟𝑎𝑛𝑘(𝐴) = 𝑛. 

 

(b)True  

𝐴 is full column rank, that is, 𝐴𝑇 is full row rank, 𝑟𝑎𝑛𝑘(𝐴𝑇) = n.  Hence, 𝐴𝑇  maps ℝ𝑚 onto ℝ𝑛. 

 

(c)True 

C(𝐴) = ℝ𝑚, 𝑟𝑎𝑛𝑘(𝐴) = 𝑚. 

 

(d)True 

𝑟𝑎𝑛𝑘(𝐴) = 𝑚 = 𝑛, it is nonsigular. 

 

(e)True 

𝐴 is full column rank, 𝑟𝑎𝑛𝑘(𝐴) = n, 𝐴 is one − to − one. 

 

(f)True 

𝐴 is full row rank, 𝑟𝑎𝑛𝑘(𝐴) = m. Hence, 𝐴 maps ℝ𝑛 onto ℝ𝑚. 

 

(g)True  

𝑟𝑎𝑛𝑘(𝐴) = 𝑟𝑎𝑛𝑘(𝐴𝑇𝐴) = 𝑛, so 𝐴𝑇𝐴 is full rank, it is isomorphism. 

 

(h)False 

𝐴𝐴𝑇 is an 𝑚 × 𝑚 matrix, 𝑟𝑎𝑛𝑘(𝐴) = 𝑟𝑎𝑛𝑘(𝐴𝐴𝑇) = 𝑛. 

𝐴𝐴𝑇 can′t be sure full rank and isomorphism. 

 

(i)False 

𝐴𝑇𝐴 is an 𝑛 × 𝑛 matrix, 𝑟𝑎𝑛𝑘(𝐴) = 𝑟𝑎𝑛𝑘(𝐴𝑇𝐴) = m. 

𝐴𝑇𝐴 can′t be sure full rank and isomorphism. 

 

(j)True 

𝑟𝑎𝑛𝑘(𝐴) = 𝑟𝑎𝑛𝑘(𝐴𝐴𝑇) = 𝑚, so 𝐴𝐴𝑇 is full rank, it is isomorphism. 

 

 

 

 

 

 



4.(25pts) 

(a) 

𝑥 = [
3

−1
] = 7 [

1
1

] − 4 [
1
2

] → [𝑥]𝛽 = [
7

−4
] 

 

(b) 

𝑥 = 𝛽[𝑥]𝛽 = 𝛽T(𝑥) 

T(𝑥) = 𝛽−1𝑥 = [
1 1
1 2

]
−1

𝑥 = [
2 −1

−1 1
] 𝑥 

 

(c) 

𝑥 = 𝛾[𝑥]𝛾 = 𝛽[𝑥]𝛽 

𝑃 = 𝛾−1𝛽 = [
1 1
1 0

]
−1

[
1 1
1 2

] = [
1 2
0 −1

] 

 

(d) 

Let β = {𝑥1 ,  𝑥2} 

𝑥 = β[𝑥]𝛽 = β [
3 2
5 3

] = [
1 3
2 4

] → β = span{[
12
14

] , [
−7
−8

]} 

 

(e) 

From 2(d), we know reflection matrix 𝑇 𝑖𝑠 [
4 5⁄ 3 5⁄

3 5⁄ −4 5⁄
] 

Let 𝛽 = [
𝑎 𝑏
𝑐 𝑑

] 

T(𝛽) = 𝛽[T(𝛽)]𝛽 = 𝑇𝛽 = [
4 5⁄ 3 5⁄

3 5⁄ −4 5⁄
] 𝛽 

[T(𝛽)]𝛽 = 𝛽−1𝑇𝛽 = [
𝑎 𝑏
𝑐 𝑑

]
−1

[
4 5⁄ 3 5⁄

3 5⁄ −4 5⁄
] [

𝑎 𝑏
𝑐 𝑑

] 

                =
1

𝑎𝑑 − 𝑏𝑐
[

⋯
3

5
𝑑2 +

8

5
𝑏𝑑 −

3

5
𝑏2

3

5
𝑎2 −

8

5
𝑎𝑐 −

3

5
𝑐2 ⋯

] 

3

5
𝑑2 +

8

5
𝑏𝑑 −

3

5
𝑏2 = 0 → b = 3, d = 1 

3

5
𝑎2 −

8

5
𝑎𝑐 −

3

5
𝑐2 = 0 → a = 1, c = −3 

 𝛽 = span {[
1

−3
] , [

3
1

]} 



5.(15pts) 

𝑣1, 𝑣2, 𝑣3 are perpendicular unit vectors in ℝ3. 

(a) 

T(𝑥) = 𝑥 − 2(𝑣3 ∙ 𝑥)𝑣3 = 𝑥 − 2𝑣3(𝑣3 ∙ 𝑥) = 𝑥 − 2𝑣3𝑣3
𝑇𝑥 = (𝐼 − 2𝑣3𝑣3

𝑇)𝑥 = [
1 0 0
0 1 0
0 0 −1

] 𝑥 

 

(b) 

T(𝑥) = 𝑥 − 2(𝑣1 ∙ 𝑥)𝑣2 = 𝑥 − 2𝑣2(𝑣1 ∙ 𝑥) = 𝑥 − 2𝑣2𝑣1
𝑇𝑥 = (𝐼 − 2𝑣2𝑣1

𝑇)𝑥 = [
1 0 0

−2 1 0
0 0 1

] 𝑥 

 

(c) 

𝑣3 = 𝑣1 × 𝑣2, 𝑣1 = 𝑣2 × 𝑣3 

T(𝑥) = 𝑣1 × 𝑥 + (𝑣1 ∙ 𝑥)𝑣1 = (𝑣2 × 𝑣3) × 𝑥 + 𝑣1𝑣1
𝑇𝑥 = −𝑥 × (𝑣2 × 𝑣3) + 𝑣1𝑣1

𝑇𝑥 

          = −[𝑣2(𝑣3 ∙ 𝑥) − 𝑣3(𝑣2 ∙ 𝑥)] + 𝑣1𝑣1
𝑇𝑥 = (𝑣3𝑣2

𝑇 − 𝑣2𝑣3
𝑇 + 𝑣1𝑣1

𝑇)𝑥 = [
1 0 0
0 0 −1
0 1 0

] 𝑥 

 


