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S B 1

S B B S S

1

S C 1

S B C S S

1

B

B

1.

(a)

[x] x [x]    ,   [x] P[x] B S[x]

1 1

1 1 1 0 2 2
P

1 1 0 1 1 1

2 2

[x] x [x]    ,   [x] Q[x] C S[x]

1 3

1 3 1 0 5 5
Q

2 1 0 1 2 1

5 5

(b)

[x]













   

 
    

      
     

  

   

 
    

      
     

  


1C 1

C C B B

1

S S S

1

B S S S B B B S

1 1 1

S B B S S

x [x]    ,   [x] K[x] C B[x]

2 4

1 3 1 1 5 5
K

2 1 1 1 1 3

5 5

(c)

[T(x)] [T] [x]

[T(x)] P[T(x)] P[T] [x] [T] [x] [T] P[x]   where P B S

P[T] [T] P [T] P[T] P B S[T] S B

 





  

  

 
    

      
     

  



    

    B S S

B B B

1

C B B B C C C B

1 1 1

B C C B B C B B

[S] [T] [B]

(d)

[T(x)] [T] [x]

[T(x)] K[T(x)] K[T] [x] [T] [x] =[T] K[x]   where K C B

K[T] [T] K [T] K[T] K C B[T] B C [B] [T] [C]

(e)



  





   

    



 

3

T

2.

(a)

S S  , 0 0 0 0

S R

(b)

1 1 0 0 1 1

S=C(A) span 1   , EA U 1 1 0 1 0  

1 1 0 1 1 0

1 1

S =N(A ) span 1  0

0 1

(c)

1

S=C(A) span 1

x

y

z







 
 

 
 
  

 

        
        

            
                

      
    

     
        

 T

T T

T

r n r r n

r n 

r

1 1

 1 , S =N(A ) span 1

1 0 0

3.

(a)

C(A ) N(A) dimC(A ) dim N(A) n

Ax A(x x ) , Ax C(A) , x C(A ) , x N(A) 

x , x are linearly independent.

dim(x) dim(x )



         
        

        
                

   

    

  T

n

n

, , T

r r r r r

, ,

r r r r r r

r r

dim(x ) dimC(A ) dim N(A) n

It is full rank x R  can be decomposed in a unique way.

(b)

Suppose there exist x x  such that  Ax b ,  x  and x C(A )

Ax b Ax  , A(x x ) 0  x x N(A) 

 x  and x C(

  

 

  

      

 T , T

r r

T T

, ,

r r r r

T

r r

A )  x x C(A )

C(A ) N(A) C(A ) N(A) {0}

x x 0 x x  

 There is only one and only one vector x C(A ) satisfying Ax b

  

   

   

  

矛盾

 
 



 

T

4.

(a)

AB 0 C(B) N(A)

rank(B) dimC(B) dimN(A) 4 dimC(A)=4 rank(A)

rank(B

1 2 2

 1  is on x y z 0 , 1  is on x 2y z 0 , but 1 1 0 1 0

0 0 0

) rank(A) 4

(b)No ,

(c)

1

1
S=C(A ) span

0

0

     
     
        
     

  

    

          



  








0 1 0

0 1 0
 , S =N(A) span  

1 0 1

1 0 1

5.

(a)Yes

1 1 2 2 1 0 0 0 1 0

A 1 1 2 2 1 0 0 0 C(A) span 1  0

0 1 1 2 0 1 0 0 0 1



          
         
            

         
                  

        
        

            
              

T 1 T

1 0

,a= 1 0

0 1

1/2 1/2 0

P a(a a) a 1/2 1/2 0

0 0 1

(b)

1/2 1/2 0 1 3 / 2

p Pb 1/2 1/2 0 2 3 / 2

0 0 1 3 3

(c)

1
1 1 2 2 1 0 1 0

1
A 1 1 2 2 R 0 1 1 2 N(A) span

1
0 1 1 2 0 0 0 0

0



 
 
 

   

 
 

 
 
  

     
     

  
     
          


    

        
    
      



T 1 T

0 1 0

2 1 2
 ,

0 1 0

1 0 1

5 1 5 2

1 9 1 41
Q ( )

5 1 5 211

2 4 2 3

N

N N N N

      
     

        
     

           

 
 

 
  
   
 

  
 



 

T T T

T 1 T

r n

2 2

2

6.

(a)Yes

A (b Ax) 0 A b=A Ax

3 / 2
x (A A) A b

3

(b)Yes

5 1 5

x x x 0 1

1 0 1

5

x 5 1 2 10 26

1

5 1
(2 10 26) 5 5

0 x 0 1
2 2

1 0

a

a a

a

a a a a a

d a a
a

da



  

 
   

 

      
     

    
     
           

 
 

     
 
  

  
    

     
  
   

T T

r n r r

5 / 2

5 / 2

1

Ax Ax Ax Ax  , x C(A ) x C(A )

  
  


  
     

     

 

 


