Linear Algebra
Problem Set 6 Solution Spring 2016

1. (20pts)
(a)
f =ae*+be™* ' =ae*—be™*

Fls = 4] F1p =]
o Sll=[5] =]y °]

(b)

B a B a—>b B
f=ae*+be™ = > (e*+e™)+ > (e*—e™)
_[(a+Db)/2
= pyr2
a1 _ (a+b)/2
]ﬁ—[b]‘[1 - (a—b)/Z] Plf

P= [1 —1]0 P 82 —0(')?5]

(c)

[D1slflp = [f']p

[D1gP[f], = PIf']l, = P[D],[f],
[D], = Q[D]gP

(d)
fe D, D(f).
}
[fl]g Pl e,
leTPu P. le
[D],.



2.(25pts)

(@

S and T are subspaces of V,so0 0 € S,0 € T.
0=04+0€eS+T

x€S,yeT
Let x;,x, € x and y;,y, € y and scalar a.
oax; +x, €EX

ay; +y, €y

X +y,€S+T
X, +y, €S+T
a(x; +y1)+ (X2 +y,) =(ax; +x2) + (ay; +y,) ES+T

(b)
fVeES+T,v=s,+t;,soveEspan{SUT} >S+T < span{S UT}

IfV € span{S U T}
v=s;+t+s,+t+Fsy+t, =061 +s, o Es) (G Ht +
- span{fSUT} S S+ T

Hence,S + T = span{S U T}

(©)

xX€ES,yeSt

Letx,,x, Exandy;,y, €y

V=Xt Y1 =XtV 2 X X =Y — )1

X1 — X, €S, ¥, —y; €St - (x; —x,)and (y, —y;) € SN St = {0}

So,x; = x,,¥; = ¥,, there exists a unique vector x and vector y.

(d)

S = span{xy, X, = X }

T = span{yy, ¥z, ¥n}

Suppose A =[X1 = Xm Y1 " Ynl

dim(S + T) = dim(C(4)) = rank(A4)

Consider vector cin N(4),4c =0

C1X1 + Coxp + o+ X + CmiaV1 F Cma2Y2 o F CgnYn = 0

Letz = ci1xy + Cox2 + - + Xy = —Cm41V1 — Cm+2Y2 — " = Cmann
Hence,z€Sandze€T,zeSNT

ot t,)ESHT



F oot &= 0 %SNT%N(),dim(S NT) = dim N(A)
o fx R il I
dim N(A)=m + n — rank(4) - dim(S N T) = dimS + dimT — dim(§ + T)

(e)
From (c), (d)
dim(S + $*) = dimS + dimS* — dim(S N $*) = dimS + dimSt = dimV

3.(35pts)
(a)
11 [1
_ 0f [Of( _ 1 _ T
S = span 1'lo =C(R),S"=N(R")
ol 11
1 1
ool ., 1 010 10 1 0
teeR = oLR"=[1 o o 4=l o 1 1
0 1
—11 [0
St = N(RT) = span 2 ,é
1 0

(b)

1 1
_ _ ol |o -1 a 1 1 .
S =N(A4) = span 1‘10‘ - A= 0 B 0 0 ,a and f are arbitrary constants.
ol 11

(c)
1 1 -1 0
o ol , o 1
U= 1 0'V_ 1 0
0 1 1 0
2/3 0 1/3 1/3
0 0 0 0
— T —177T —
P=UW0DU =113 ¢ 2/3 -1/3
[1/3 0 -—-1/3 2/3
[ 1/3 0o -1/3 -1/3
0 1 0 0
— T —1yT _—
Q=VWVV)™Vi=1_1/3 0 1/3 1/3
[—1/3 0 1/3 1/3




(d)

2/3 0 1/3 1/3 1 0 0 1
P=IO 0 0 0 ‘_}IO 0 1 —1‘
1/3 0 2/3 -1/3 0 0 O
1/3 0 -1/3 2/3 0 0 O

2/3 1/3 1
1/31 1-1/3 0

N(P)=Cc(P")* =c(P)* =S+

_ O O
\_,\,-5/
o-,

(e)
1 1 0] [1
R (1] B [0 0 1l |1
y 1 0 1 ol = |1
0 1 1 ol l1
2,2
a=gzb=3zc=3.d
4/3 ~1/3
o |1
X=12/31"Y = | 1/3
2/3 1/3
()

C(B) L N(BT)

C(B) = (N(B"))* = N(B)*

~B =BT

me@)S:C@):Nun{mmPT=P
2/3 0 1/3 1/3

0 0 0 0

1/3 0 2/3 -1/3

Hence,letB =P = l
1/3 0 -1/3 2/3

(9)
(x —Mx)"TMy = x"My — x"™M™My = x"My —x"TMy =0
Hence, (x — Mx) L My



4.(20pts)

(a)

X, € N(4)

IxN1? = llocy + xnll? = 2117 + llxall? + 2% ",
Ifx, € C(A7),x,Tx, =0

Ix01? =l 117 + [l l1? = Nl |12

Ax = A(x, + x,) = Ax,

When x = x,., ||x|| is minimized.

(b)
ATA% = ATb

89 o1t 8 Y]
]

-2
3

2=
(©)
When x, € C(AT), we have minimized ||x]|?.
Ax = A(x, +x,) =Ax, = b

Let ATy = x,

AATy = b
-7/6

x=x, = AT(AAT) b = [ 1/3 ]
11/6

(d)

ATAZ = ATh

5 10e[7]

10 20 14

We find X has infinite solutions.
Cx=[5 10]x=7=d
From (c),

7/25

oo T T\—1 —
% =CT(CCT) d—[14/25



