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when 4, =4, =0, (A-0I)x =0, eigenvector =span<| 1 | | O
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when 4, =6, (A—6I1)x =0, eigenvector =span 4|1
1

A is diagonalizable because A has linearly independent eigenvectors.

2.

(@) . A doesn't have zeor eigenvalue, nullity(A)=0 .. rank(A)=3

(b) " det(A— A1) =det(A— A" = det(AT — A1) =0 .. eigenvalues is still 1,1,2

(c)'- A=SAS™ A®=SA°’S* . eigenvaluesis 1,1,8

(d) A=SAST= A?=SA S = A*+1=S(A°+1)S* = (A’ + )" =S(A* +1)'S"
..eigenvalues is 1/2,1/2,1/5

(e) det(ATA) = det(AT)det(A) = det(A)det(A) = (L4,4,)(A4A4,) =4

(M) A+21=S(A+21)S™ .. det(A+2l)=3x3x4=36

@) A+AT=S(A+ADS? ~det(A+A) =(1+1/D)x(1+1/1)x(2+1/2) =10

(h) tr(A+21) =tr(A) +tr(2l) = (1+1+2)+(2+2+2) =10

(i) tr(3A + 4AT) = tr(3A) + tr(4A") = tr(3A) + tr(4A) = 7tr(A) = 7x 4 = 28

(j) tr(PAP™) =tr(A) = 4

3.
(@) - The eigenvalues of a triangular matrix are the diagonal entries.
-.eigenvaluesare 5, 1, 3, 2

4
(b) - eigenvalue of { 5

0 : 3 3
5 are 4, 5; eigenvalue of 5 are-3,1,;

.eigenvalues are 4, 5, 1, -3
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AX=0=0xX=>A4=2,=4=0,tr(A)=) 4 =4=1,=4

i=1

4,
(@) True

"~ Suppose A has an eigenvalue 0, then det(A) = 4,4, ......4, = 0,which means A is not invertible.

- If Ais invertible, then 0O is not an eigenvalue of A.

(b)True

det(A?) = det(A)det(A) = 0 = det(A) = 44, .....A, =0= Ais not invertible.
= eigenvalues of Aarethesame= A4 =4, =....=4,=0

(©)True

.- different eigenvalue .. eigenvectors is linearly independent

(d)True

Suppose x, and x,, are eigenvector of A, Ax, =0, Ax, =0

A(X, +X,)=Ax; +Ax,=0=0, X, +X, are also an eigenvector of A.
(e)False

N((A-ADT)=N(AT - Al) = N(A - Al)

(P True

*.» A has distinct eigenvalue .. eigenvectors are linearly independent.
= Ais diagonalizable.

(g)False
1 2 10 . : . . . 1
A= - =1, but A is not diagonalizable since eigenvectors X, = X, =
01 01 0
(h)False
A =1 is diagonalizable.
()True

A is diagonlaizable , A =SAS™

AT =(SASH)T =(SH)'TATST =(S")*AS" = AT is diagonlaizable
(j)False

-+ A'is diagonlaizable .. A has distinct eigenvalues.

But eigenvalue of A could be 0 = rank(A) = n
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At 3, [3 [ 4 [3 1
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. e {3 1}{2 oﬂs T {766 -765}
A® =SA’S? = -

2 1Jlo 1] |2 1| [510 -509
(b)

A—spsisposias—| 3 2| [? 2|3 2|2 O
- T 1 1|2 71 1] |03

6.
(@)
(A—A1)=SAS*— Al =S(A - ADS™
A-ADA-D).....(A=21) =S(A - )S'S(A - 4,1)S™......S(A - A I)S™
0 =2 =2,

j'2_ﬂ'1 . 0 N /12_/1n S-l:O

A=A A=A, 0

Then p(A) = zero matrix which is the Cayley-Hamilton Theorem.
(If A'is not diagonalizable, one proof is to take a sequence of diagonalizable matrices approaching A)

(b)
A=1,-1,-3
(A—DA+DA-3)=A°—3A2_A+31=0
A®—3A7 ~A=-3|
A?-3A—-|=-3A"

/3 2/3 0
A-lz'—;(Az—sA—n: 203 13 0

0 0 1



