Linear Algebra
Problem Set 8 Solution Spring 2015
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2|, det(A) = 0, tr(A) = 1+4+1 = 6.
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1 21
2 4 2|= 0 | = Rank-one matrix= 4, =4, =0
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tr(A)=6=4+4,+4, > 4,=6

= 1=0,0,6
-5 2 1
AX; =A% => (A-4l)X,=0=] 2 -2 2 |x=0
1 2 -5
1
X, =| 2 | (By finding Nullspace of A-A4]l)
1
1 21
A, =A% =>A=0=>12 4 2|x =0,
1 21
-2 1
=l11]Xx,=
0 -1
-2 |1

1
For A, =6, eigenvector = |2
1



Ax=Ax = (A+31)x=Ax+3x=AX+3x=(1+3)x
(A+3l)x=(1+3)x = Eigenvalue of (A+31):4'=4+3=3,3,9
Eigenvectors X' = x =

-2 |1
For A,'=A4,'=3,eigenvector= | 1 |,
-1
1
For A,'=9, eigenvector = |2
1

Ax=x = AAx=AAx= A% =(IAX) =(1X)
A®x = x = Eigenvalue of (A):1'=4°=0, 0, 6'°
Eigenvectors x' = x

-2 (1
For A,'=A4,'=0,eigenvector= | 1 |,| O
0]|-1

1
For A,'=6', eigenvector = |2
1



2.(15pts)

(a)
1111
A= L1l , rank-one matrix= 4, =4, =4, =0
1111
1111
tr(A)=1+1+1+1=4 = 1,=4
=1=0,0,04
(b)
B=A-I=1=1-1=1'=-1,-1,-1,3
(©)
Method 1 Ref.(458 R
0 010
D=C-I= 01 I}
1 000 0
0100

O e[ v e

— 912 1 O _ 92 12 [
=u=A"uU= 0 1u—/1 u= A"=1,1= A'=+1,+1

=>D=C-1=1=4'+1=0,0,2, 2

Method 2
1-4 0 1 0
0 1-24 O 1
Let det(C-A1)=0= =0
1 0 1-2 0

0 1 0 1-4
L[ 1) —@-AD)]+[L-(L-2)2]=0= 1=0,0,2, 2


andypb
註解
https://ccjou.wordpress.com/2012/06/04/%E6%AF%8F%E9%80%B1%E5%95%8F%E9%A1%8C-june-4-2012/


3.(20pts)

(a)
A'=1, 2,0 ,nullity = 1, rank(A+l) = 2

(b)
A'x=A'x =Let det(A" -1'1)=0
Ax=Ax = Let det(A-A41)=0
— det(AT —A'1) = det(A— A1) = A'= 2
ATAX = AT Ax = AATX = AA'X = A*X
Eigenvalue of (ATA)= 1*=0,1,1

(©)

AX=Ax = AAX=A"Ix = Ix=1AX = %x = A?x

—Eigenvalue of (A™) :%

—Eigenvalue of (A+21)™: /1':#:1, 1, 1
A+2 2 3

(d)
Eigenvalue of (A?)=4°=0, 1,1
Eigenvalue of (A? +1)=22+1=1, 2,2
Eigenvalue of (A% +1)2=(A*+1)*=1, 4, 4

(e)
det(A) = product of all eigenvalue
Eigenvalue of 3A-21=-2,1,-5
det(3A-21)=10

()
AX = AX, BX = 25X, Blx = x

B

= ABX = AdgX = A AX = A5 AX

= B'ABXx=B Al x= A4, B'x= 14, Lo x
A

B

Eigenvalue of (B™AB) = 1 =>det(B™"AB) = 0x-1x1=0



(9)

(h)

Eigenvalue of (A> + A)= A+ 1=0,0,2= det(A’+A)=0

Eigenvalue of (A+21)=14+2=2,3,1
tr(A) = sum of eigenvalue=1+2+3=6

(i)

Eigenvalue of (3A+4AT) = 31+441=71=0,7, -7

tr(A) = sum of eigenvalue =0
()

Eigenvalue of (B™AB) = A

tr(A) = sum of eigenvalue =0
4.(20pts)
(a)

True

det(A) = product of eigenvalue, if eigenvalue = 0, det(A) = 0= singular
(b)

True

det(A%) = det(A)det(A) = 0=det(A) = A4,4,.....4, =0 = Alis not invertible

=eigenvalues of Aarethesame = 4, =4, =4;....= 4, =
(c)

True

-~ different eigenvalue.". eigenvectors are linearly independent
(d)

False

0 00O
LetA= |0 0 0|, 24=0,0,0
100

(e)

False

N(AT — Al )= N(A=Al )



(f)
True
-~ distinct eigenvalue .. eigenvectors are linearly independent
= Alis diagonalizable

(9)
False
010
counterexample: |0 0 0(,4=0,0, 1, rank(A) =2
0 01
(h)
True

nullity = 1, rank(A) = 2

(i)
False
100
0 1 0] isdiagonalizable
0 01
()
True

A is diagonalizable A=SAS ™
AT=(SAS ™) =(S™)TA'ST =(ST)*AS" = AT is diagonalizable



5.(20pts)

(a)
Let det(A— Al )=0= A=1, 3

1 -1
le:sxl:{l]ﬁ,zijl{l}

LetS=[x, X,]= E _J

AS=[Ax, Ax,]=[1x 3x2]=[1 _1}{1 O}SA

1 11/0 3
SiAS=A=|
1o 3

Ao spg]t T o[ -1
B 1 o1]lo 3|1 1

(b)
Let det(R- A1) = (cos@-1)* +sin’d =0
A =cosd tising

A, =cos@+ising, xlz{

LetS=[x xz]{1 1}

1 . 1
.|, 4, =cos@-isin@, X, = i

RS=[Rx, RX,]1=[AX AX]= 1 1]|cos@+isin@ 0 )
= 1 21~ 1 272 1™ i i 0 oSO -ising =
[ cos @ +isin & 0
SilRS :A: o
L 0 cosé -ising

R = [ 11[e? 0 "1 l}_l:i i(eni9+e—ni9) _(enie_e—niﬂ)
_i | 0 e—i6’ _i | 2| (eniﬁ_e—niﬂ) i(enig+e_ni9)

_1[2icosn@ -2isinng]| _ [cosn® —sinn@
~ 2| 2isinno 2icosné | ~ |sinng@ cosno



(©)

(d)

(A—A1)=S(A-Al)S?
(A=) (A=2,1) . (A=A 1)=S(A—=A41)STS(A-2,1)ST.. S(A-4,1)ST

0 A =%, A =X,
=S Ay =% 0 Ay =X S_1=0

n

Ay =%, Ay =%, Ay —X

n n

= p(A) = zero matrix which is the Cayley-Hamilton theorem
(If Ais not diagonalizable, one proof is to take a sequence of diagonalizable
matrices approaching A)

Let det(A—Al)=0= 2=1,1, 3
(A-D(A-)(A-3) =0
—=A®-5A% +7A = 3|

= A?-5A+7] =3A*

2 1
3 3
Al= 1(A2-5A+7|): 12
3 3 3
0 0 1
6.(10pts)
(a)

|:Gk+2:|= % %|:Gk+1:|
Gl |1 ol G«

1 1
Gks2 = EGkJrl +EGk
Gi+1 = Gyt

Let det( A— Al ) = 0=> (2 A +1)(A-1) =0= A =1, %

1 1 1
A=1l=X=| [ A=—7Z=X%X=
1 2 -2

LetS=[x, xz]:{1 1}






	Method 2

