
Linear Algebra 

Problem Set 8 Solution           Spring 2016 

 

1. (10pts) 

(a) 

det(𝐴 − 𝜆I) = (4 − 𝜆)(6 − 𝜆) = 0 

𝜆1 = 4, [
0 5
0 2

] 𝑥1 = 0, 𝑥1 = [
1
0

] 

𝜆2 = 6, [
−2 5
0 0

] 𝑥2 = 0, 𝑥2 = [
5
2

] 

 

(b) 

det(𝐴 − 𝜆I) = (1 − 𝜆)(1 − 𝜆) − 1 = 0 

𝜆1 = 0, [
1 1
1 1

] 𝑥1 = 0, 𝑥1 = [
1

−1
] 

𝜆2 = 2, [
−1 1
1 −1

] 𝑥2 = 0, 𝑥2 = [
1
1

] 

 

(c) 

det(𝐴 − 𝜆I) = (1 − 𝜆)(1 − 𝜆) = 0 

𝜆 = 1, [
0 1
0 0

] 𝑥 = 0, 𝑥 = [
1
0

] 

 

2.(15pts) 

(a) 

𝐴2𝑥 = 𝐴𝜆𝑥 = 𝜆2𝑥 

Yes, 𝜆2 

 

(b) 

𝐴−1𝐴𝑥 = 𝐴−1𝜆𝑥 → 𝐴−1𝑥 = 𝜆−1𝑥 

Yes, 𝜆−1 

 

(c) 

(𝐴 + 2𝐼)𝑥 = 𝐴𝑥 + 2𝑥 = (𝜆 + 2)𝑥 

Yes, 𝜆 + 2 

 

 

 



(d) 

5𝐴𝑥 = 5𝜆𝑥 

Yes, 5𝜆 

 

(e) 

(𝐴2 + 2𝐴 + 3𝐼)𝑥 = (𝜆2 + 2𝜆 + 3)𝑥 

Yes, 𝜆2 + 2𝜆 + 3 

 

3.(20pts) 

(a)True 

(𝐴 − 𝜆I)𝑥 = 𝐵𝑥 = 0, 

dim 𝑁(B) = n − rank(𝐵) 

∵ det(B) = 0 → rank(𝐵) < n 

dim 𝑁(B) = dim 𝑁(𝐴 − 𝜆I) ≠ 0 

∴ 𝑁(𝐴 − 𝜆I) ≠ {0} 

 

(b)True  

det(𝐴 − 𝜆I) = det(𝐴 − 𝜆I)𝑇 = det(𝐴𝑇 − 𝜆I) = 0 

 

(c)False 

𝑁(𝐴 − 𝜆I) ≠ 𝑁(𝐴𝑇 − 𝜆I) 

 

(d)True 

𝐴𝑥 = 𝜆1𝑥, 𝐵𝑥 = 𝜆2𝑥 

(𝐴 + 𝐵)𝑥 = (𝜆1 + 𝜆2)𝑥 

 

(e)True 

From (d) 

𝐴𝐵𝑥 = 𝜆2𝐴𝑥 = 𝜆1𝜆2𝑥 

 

(f)True 

det(𝐴) = ∏ 𝜆𝑖

𝑛

𝑖=1

= 0 

 

(g)True  

𝐴2𝑥 = 𝜆2𝑥 = 0 

∵ 𝑥 ≠ 0 → 𝜆 = 0 



(h)True 

𝐴𝑥 = 𝜆𝑥, 𝜆 = 0,1,2 

When 𝜆 = 0 

dim 𝑁(𝐴 − 𝜆I) = dim 𝑁(𝐴) = 1 

∴ rank(𝐴) = 2 

 

(i)True 

𝐴 is not diagonalizable, and 𝜆 = 0,0,1 

When 𝜆 = 0  

dim 𝑁(𝐴 − 𝜆I) = dim 𝑁(𝐴) = 1 

∴ rank(𝐴) = 2 

 

(j)True 

When 𝜆 = 0  

dim 𝑁(𝐴 − 𝜆I) = dim 𝑁(𝐴) = 1 

∴ rank(𝐴) = 2 

 

4.(15pts) 

(a) 

𝑢 =
1

√5
[
1
2

] 

𝑅 = [
3 5⁄ −4 5⁄

−4 5⁄ −3 5⁄
] 

𝜆 = 1, −1 

𝑥 = [
−2
1

] , [
1
2

] 

 

(b) 

𝑅(𝜃) = [
cos 𝜃 −sin𝜃
sin𝜃 cos 𝜃

] 

𝑅(180°) = [
−1 0
0 −1

] 

𝜆 = −1, −1 

𝑥 = [
1
0

] , [
0
1

] 

 

 

 



(c) 

𝑢 = [
2
3

] 

𝑃 =
𝑢𝑢𝑇

𝑢𝑇𝑢
=

1

13
[
4 6
6 9

] 

𝜆 = 0,1 

𝑥 = [
−3
2

] , [
2
3

] 

 

5.(20pts) 

𝜆 = 1, −1 4⁄      𝑥 = [
3
2

] , [
1

−1
] 

(a) 

𝐴 = [
3 1
2 −1

] [
1 0
0 −1 4⁄

] [
1 5⁄ 1 5⁄

2 5⁄ −3 5⁄
] 

 

(b) 

𝐴𝑘 = 𝑆Λ𝑘𝑆−1 = [
3 1
2 −1

] [
1 0
0 (−1 4⁄ )𝑘] [

1 5⁄ 1 5⁄

2 5⁄ −3 5⁄
] 

 

(c) 

lim
𝑘→∞

𝐴𝑘 = [
3 1
2 −1

] [
1 0
0 0

] [
1 5⁄ 1 5⁄

2 5⁄ −3 5⁄
] = [

3 5⁄ 3 5⁄

2 5⁄ 2 5⁄
] 

 

(d)True 

Let  𝑥 = [
𝑥1

𝑥2
] 

𝐴𝑘𝑥 = [
3 5⁄ 3 5⁄

2 5⁄ 2 5⁄
] 𝑥 = [

3

5
𝑥1 +

3

5
𝑥2

2

5
𝑥1 +

2

5
𝑥2

] =
1

5
(𝑥1 + 𝑥2) [

3
2

] 

 

6.(10pts) 

(a) 

(𝐴 − 𝜆1𝐼)(𝐴 − 𝜆2𝐼) ⋯ (𝐴 − 𝜆𝑛𝐼) = 𝑆(Λ − 𝜆1𝐼)(Λ − 𝜆2𝐼) ⋯ (Λ − 𝜆𝑛𝐼)𝑆−1 

= 𝑆 [
𝑝(𝜆1) ⋯ 0

⋮ ⋱ ⋮
0 ⋯ 𝑝(𝜆𝑛)

] 𝑆−1 = [
0 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 0

] 



(b) 

det(𝐴 − 𝜆I) = −𝜆3 + 6𝜆2 − 7𝜆 − 2 = 0 

−𝐴3 + 6𝐴2 − 7𝐴 − 2𝐼 = 0 

𝐴−1 =
1

2
(−𝐴2 + 6𝐴 − 7𝐼) =

1

2
[
−6 4 7
4 −2 −5
0 0 1

] 


