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1. (15pts) 

(a) 

𝑑(𝑣 + 𝑤)

𝑑𝑡
=

𝑑𝑣

𝑑𝑡
+

𝑑𝑤

𝑑𝑡
= 𝑤 − 𝑣 + 𝑣 − 𝑤 = 0 

𝑣 + 𝑤 = 𝑐1 = 50 

 

(b) 

𝑑𝒖

𝑑𝑡
= [

𝑑𝒗

𝑑𝑡
𝑑𝒘

𝑑𝑡

] = [
−1 1
1 −1

] [
𝑣
𝑤

] = 𝐴𝒖 

𝜆 = 0, −2 

𝑥 = [
1
1

] , [
1

−1
] 

 

(c) 

𝒖 = 𝑐1 [
1
1

] + 𝑐2𝑒−2𝑡 [
1

−1
] 

𝑐1 = 25, 𝑐2 = 15 

𝒖(1) = 25 [
1
1

] + 15𝑒−2 [
1

−1
] 

 

2.(10pts) 

𝑄 = 𝑒𝐴𝑡 = 𝐼 + 𝐴𝑡 +
(𝐴𝑡)2

2!
+ ⋯ 

𝑄𝑇 = 𝐼 + 𝐴𝑇𝑡 +
(𝐴𝑇𝑡)2

2!
+ ⋯ = 𝐼 + (−𝐴𝑡) +

(−𝐴𝑡)2

2!
+ ⋯ = 𝑒−𝐴𝑡 

𝑄𝑇𝑄 = 𝑒−𝐴𝑡𝑒𝐴𝑡 = 𝐼 

 

3.(10pts) 

𝑒𝐴𝑡 = 𝐼 + 𝐴𝑡 +
(𝐴𝑡)2

2!
+

(𝐴𝑡)3

3!
+ ⋯ = 𝐼 + 𝐴 (𝑡 +

𝑡2

2!
+

𝑡3

3!
+ ⋯ ) = 𝐼 + 𝐴(𝑒𝑡 − 1) 

𝑒𝐵𝑡 = [ 𝑒𝑡 0
𝑒𝑡 − 1 1

] 

 



4.(30pts) 

(a)False 

eigenvalue of 𝐴 is 𝜆, eigenvalue of 𝐴 + 𝐼 is 𝜆 + 1 

 

(b)True 

𝐴 and 𝐵 have same eigenvalues, so det(𝐴) = det (𝐵) ≠ 0 

 

(c)True 

𝐴 = 𝑆𝐵𝑆−1 

𝐴2 = (𝑆𝐵𝑆−1)(𝑆𝐵𝑆−1) = 𝑆𝐵2𝑆−1 

 

(d)False 

𝐴2𝑥 = 𝜆2𝑥, 𝐵2𝑦 = 𝜆2𝑦 

When eigenvalue of 𝐴 is 𝜆, and 𝐵 is − 𝜆, they are not similar. 

 

(e)True 

𝐴𝐵 = 𝐴𝐵(𝐴𝐴−1) = 𝐴(𝐵𝐴)𝐴−1 

 

(f)False 

det ([
1 1
0 2

]) = 2 ≠ det ([
1 2
0 1

]) = 1 

 

(g)True 

𝐴 = [
1 1
0 1

] , 𝐵 = [
1 0
1 1

] 

𝐴 = 𝑃𝐵𝑃−1, 𝑃 = [
1 1
1 0

] 

 

(h)True 

𝐴 = [
1 1
0 2

] , 𝐵 = [
1 0
0 2

] 

𝐴 = 𝑃𝐵𝑃−1, 𝑃 = [
1 1
0 1

] 

 

(f)True 

𝐴 = [
1 2
0 1

] , 𝐵 = [
1 1
0 1

] 

𝐴 = 𝑃𝐵𝑃−1, 𝑃 = [
2 2
0 1

] 



(j)False 

𝐴 = [
1 2
0 1

] , 𝐵 = [
1 0
0 1

] 

𝑃𝐵𝑃−1 = 𝐼 ≠ 𝐴 

 

5.(15pts) 

(a) 

𝐴𝑥 = 𝜆𝑥, 𝐴2𝑥 = 𝜆2𝑥, ⋯ 

(𝑐𝑜𝑠𝐴)𝑥 = 𝐼𝑥 −
𝐴2𝑥

2!
+

𝐴4𝑥

4!
⋯ = 𝐼𝑥 −

𝜆2𝑥

2!
+

𝜆4𝑥

4!
⋯ = (𝑐𝑜𝑠𝜆)𝑥 

 

(b) 

[
𝜋 − 𝜆1 𝜋

𝜋 𝜋 − 𝜆1
] [

1
1

] = 0, 𝜆1 = 2𝜋 

[
𝜋 − 𝜆2 𝜋

𝜋 𝜋 − 𝜆2
] [

1
−1

] = 0, 𝜆2 = 0 

𝐶 = 𝑐𝑜𝑠𝐴 = [
1 1
1 −1

] [
𝑐𝑜𝑠2𝜋 0

0 𝑐𝑜𝑠0
] [

1 1
1 −1

]
−1

= 𝐼 

 

6.(10pts) 

𝜆1 = 2 + 𝑖, 𝜆2 = 2 − 𝑖 

𝑥1 = [
2

−1 − 𝑖
] , 𝑥2 = [

2
−1 + 𝑖

]  or  𝑥1 = [
1 + 𝑖
−1

] , 𝑥2 = [
1 − 𝑖
−1

] 

[
1 −2
1 3

] = [
2 0

−1 −1
] [

2 1
−1 2

] [
2 0

−1 −1
]

−1

= [
1 1

−1 0
] [

2 1
−1 2

] [
1 1

−1 0
]

−1

 

 

7.(10pts) 

𝜆𝐴 = 𝑎 ± 1, 𝜆𝐵 = 𝑏 ± 𝑖 

t → ∞, Re(𝜆𝐴) and Re( 𝜆𝐵) < 0 → 𝑎 < −1, 𝑏 < 0 


